SYMMETRIES This part of the course is based on refs. [1,2,3,4].

1. Groups and Representations

A group is a set G on which a multiplication operation · is defined with the following properties:

(i) If x and y are in G, x · y is in G;

(ii) There is an identity element e in G such that e · x = x · e = x for any x in G; (iii) For every x in G, there is an inverse element in G called x^{−1} such that x · x^{−1} = x^{−1}x = e;

(iv) For every x, y and z in G, (x · y) · z = x · (y · z).

For example, the integers form a group under addition, that is the “multiplication” law for x · y is defined as (x + y). This is called the additive group of integers.

Another example is the possible permutations of three objects. Suppose we have three things, labeled 1, 2 and 3. The elements of the permutation group are the six ways we can reshuffle the objects:

( ), do nothing, so that (a, b, c) remains (a, b, c);

(12), interchange the objects in positions 1 and 2, so (a, b, c) → (b, a, c); (23), (a, b, c) → (a, c, b); (13), (a, b, c) → (c, b, a); (123), take the object in 1 and put it in 2, etc. (a, b, c) → (c, a, b) (this is called a cyclic permutation); (321), (a, b, c) → (b, c, a). There is a natural multiplication law for such transformations of a physical system:

(v) A·B is the transformation obtained by first making the transformation B, then making the transformation A. For example, (23) · (12) = (321)

because (12) takes (a, b, c) → (b, a, c), (23) takes (b, a, c) → (b, c, a). Thus (23) · (12) takes (a, b, c) → (b, c, a).

The permutation group is an example of a transformation group on a physical system. It is clear that the reversible transformations on a system form a group under the multiplication law (v). Doing nothing is the identity operator. Undoing a transformation is the inverse transformation. Associativity, (iv), follows because at each step in the product x · y · z, there is a definite physical state of the system. This class of groups is very important because it includes any possible symmetry of a physical system.

In quantum mechanics, a transformation of the system is associated with a unitary transformation in the Hilbert space (below we discuss this point in more detail and mention the possibility of antiunitary operators which we ignore in this section). Thus, a transformation of a quantum mechanical system is associated with a mapping of the group into a set of unitary operators. For each x in G there is a D(x) which is a unitary operator. Furthermore, the mapping must preserve the multiplication law (to make physical sense). Thus, for all x and y in G, D(x)D(y) = D(x · y). (1.1) A mapping which satisfies (1.1) is called a representation of the group G. In fact, a representation can involve nonunitary linear operators as long as they satisfy the multiplication law (1.1).

For example, the mapping D(n) = e^{inθ} is a representation of the additive group of the integers, because e^{inθ}e^{imθ} = e^{i(n+m)θ}. The following mapping is a representation of the permutation group on three objects:

D( ) =

1 0 0 0 1 0 0 0 1 , D(12) = 0 1 0 1 0 0 0 0 1 ,

D(13) =

0 0 1 0 1 0 1 0 0 , D(23) = 1 0 0 0 0 1 0 1 0 ,

D(123) =

0 1 0 0 0 1 1 0 0

, D(321) =

0 0 1 1 0 0 0 1 0 .

(1.2)

The multiplication law (12)(23) = (321) is mapped into the matrix multiplication 0 1 0 1 0 0 0 0 1

1 0 0 0 0 1 0 1 0 = 0 0 1 1 0 0 0 1 0 .

In other words, a group is a multiplication table satisfying (i) − (iv). A representation is a realization of the multiplication by (finite or infinite dimensional) matrices. Group theory makes it possible to determine many properties of any representation from the abstract proprties of the group.

Notice that the definition (i) − (iv) does not require commutativity (x · y = y · x). In fact, while the additive group of integers is commutative, the permutation group is not. A commutative group is called Abelian, and a non-commutative group is non-Abelian. The permutations are non-Abelian, since for example (23)(12) = (123).

We will find it convenient to view representations as abstract linear operators and as matrices. The connection is as follows: let |i⟩ be an orthonormal basis in the space on which D(g) acts as a linear operator. Then [D(g)]_{ij} = ⟨i|D(g)|j⟩. (1.3) So D(g) |i⟩ = ∑ j |j⟩ ⟨j|D(g)|i⟩ = |j⟩ [D(g)]_{ji}. (1.4) From now on, we will freely translate from one language to the other.

Two representations D_1 and D_2 are equivalent if they are related by a similarity transformation, D_2(x) = SD_1(x)S^{−1} (1.5) with a fixed operator S for all x in the group G.

A representation D is reducible if it is equivalent to a representation D^′ with a blockdiagonal form:

D^′(x) = SD(x)S^{−1} = ( D^′_1(x) 0 0 D^′_2(x) ) . (1.6)

The vector space on which D^′ acts breaks up into two orthogonal subspaces, each of which is mapped into itself by all the operators D^′(x). The representation D^′ is said to be the direct sum of D^′_1 and D^′_2:

D^′ = D^′_1 ⊕ D^′_2. (1.7) A representation is irreducible if it is not reducible, that is if it cannot be put into block diagonal form by a similarity transformation.

2. Lie Groups and Lie Algebras

Compact Lie groups are groups of unitary operators in which the group elements are labeled by a set of continuous parameters with a multiplication law that depends smoothly on the parameters. The term “compact” refers to a global property of the group which we will not discuss in detail. In a certain sense, the volume of the parameter space for a compact group is finite.

Any representation of a compact Lie group is equivalent to a representation by unitary operators. Any group element which can be obtained from the identity by continuous changes in the parameters can be written as

exp(iα_aX_a) (2.1)

where α_a (a = 1, . . . , N) are real parameters and X_a are linearly independent Hermitian operators, and a sum over the repeated index a is implied. The set of all linear combination α_aX_a is a vector space, and X_a are a basis in the space. We will use the term group generator to refer (interchangably) to an arbitrary element of the vector space or specifically to the basis vectors X_a.

There are several spaces that are relevant here. Do not confuse the space of the group generators (which is N dimensional because a = 1, . . . , N) with the space on which the generators act, which is some yet unspecified Hilbert space. In fact, for the compact Lie groups, we can always take the space on which the generators act to be finite dimensional, so that you can think of the X_a as finite hermitian matrices.

There are two nice things about the generators. The first is simply that they form a vector space. Unlike group elements themselves, the generators can be multiplied by numbers and added to obtain other generators. The second is that they satisfy simple commutation relations which determine (almost) the full structure of the group. Consider the product

exp(iλX_b) exp(iλX_a) exp(−iλX_b) exp(−iλX_a) = 1 + λ^2[X_a, X_b] + · · · . (2.2)

Because of the group property, the product of group elements ia another group element and can be written as exp(iβ_cX_c). As λ → 0, we must have

λ^2[X_a, X_b] → iβ_cX_c, β_c = λ^2f_{abc}, so [X_a, X_b] = if_{abc}X_c. (2.3) The constants f_{abc} are called the structure constants of the group. Clearly they are determined by the group multiplication law (at least for elements continuously connected to the identity) as follows:

exp(iα_aX_a) exp(iβ_bX_b) = exp(iδ_cX_c) (2.4) where δ_c is determined by α, β and f: δ_c = α_c + β_c − 1 2 f_{abc}α_aβ_b + · · · . This identity follows in a straightforward way from the definition of exp(A). We can obtain δ_a to any desired order in α_a and β_a just by expanding both sides of (2.4) and comparing.

The generators also satisfy the following identity: [X_a, [X_b, X_c]] + cyclic permutations = 0. (2.5) This is called the Jacobi identity. It is obvious for a representation since then the X_a are just linear operators, but in fact it is true for the abstract group generators. In terms of the structure constants, (2.5) becomes f_{bcd}f_{ade} + f_{abd}f_{cde} + f_{cad}f_{bde} = 0. (2.6) If we define a set of matrices T_a, (T_a)_{bc} = −if_{abc}, (2.7) then (2.5) and (2.6) can be rewritten as [T_a, T_b] = if_{abc}T_c. (2.8) In other words, the structure constants themselves generate a representation of the algebra. This representation is called the adjoint representation. The dimension of a representation is the dimension of the vector space on which it acts. The dimension of the adjoint representation is just the number of generators, which is the number or real parameters necessary to describe a group element.

The generators and the commutation relations define the Lie algebra associated with the Lie group. Clearly, every representation of the group defines a representation of the algebra. The generators in the representation, when exponentiated, give the operators of the group representation.

The definitions of equivalence, reducibility and irreducibility can be transferred from the group to the algebra with no change.

The structure constants depend on what basis we choose in the vector space of the generators. To choose an appropriate basis, we use the adjoint representation, (2.7). Consider the trace tr(T_aT_b). This is a real symmetric matrix, so we can diagonalize it by choosing appropriate real linear combinations of the X_a’s and therefore of the T_a’s. Suppose we have done this, so that tr(T_aT_b) = k_aδ_{ab} (no sum). (2.9)

We still have the freedom to rescale the generators, so for example, we could choose all the nonzero k_a’s to have absolute value 1. But, we cannot change the sign of the k_a’s.

We will be concerned almost entirely with algebras in which all the k_a’s are positive. For these algebras, which are associated with the compact semisimple Lie groups, we can take tr(T_aT_b) = λδ_{ab} (2.10)

for any convenient positive λ. In this basis, the structure constants are completely antisymmetric, because we can write f_{abc} = −iλ^{−1}tr([T_a, T_b]T_c) which is completely antisymmetric because of the cyclic property of the trace.

Notice that in this basis, the generators in the adjoint representation are hermitian matrices. In fact, one can show that for the compact Lie groups (as for finite groups) any representation is equivalent to a representation by hermitian operators and all irreducible representations are finite hermitian matrices.

A few more definitions may help the student to appreciate when the structure constants can be useful. An invariant subalgebra is some set of generators which goes into itself (or zero) under commutation with any element of the algebra. That is if X is any generator in the invariant subalgebra and Y is any generator in the whole algebra, [X, Y ] is a generator in the invariant subalgebra (or it is zero).

An algebra which has no nontrivial invariant subalgebra (the whole algebra and the set of no generators at all are always trivial invariant subalgebras) is called simple. A simple algebra generates a simple group.

Particularly annoying are Abelian invariant subalgebras. The generators in an Abelian invariant subalgebra commute with everything. Each of these generators is associated with what we call a U(1) factor of the group. U(1) is the group of phase transformations. At any rate, U(1) factors do not show up in the structure constants at all. If X_a is a U(1) generator, f_{abc} = 0 for all b and c and k_a = 0. The structure constants do not tell us anything about the Abelian invariant subalgebras.

Algebras without Abelian invariant subalgebras are called semisimple. They are built by putting simple algebras together. In these algebras, every generator has a nonzero commutator with some other generator. In such a case the structure constants carry a great deal of information. We can use them to determine the entire structure of the algebra and its representations. From here on, we will be discussing semisimple algebras, and we will deal with representations by unitary operators.

The generators (like the linear operators of the representations they generate) can be thought of as either linear operators or matrices via X_a |i⟩ = |j⟩ ⟨j|X_a|i⟩ = |j⟩ [X_a]_{ji}. (2.11) Note that in a matrix language, the states form row vectors and the matrix representing a linear operator acts on the right.

In the Hilbert space on which a representation acts, the group elements can be thought of as a transformation on the states. The group element exp(iα_aX_a) maps or “transforms” the kets as follows: |i⟩ → exp(iα_aX_a) |i⟩ . (2.12) Then the corresponding bras transform as ⟨i| → ⟨i| exp(−iα_aX_a). (2.13) The ket obtained by acting on |i⟩ with an operaor O must also transform as in (2.12). This implies that any operator O transforms as follows:

O → exp(iα_aX_a)O exp(−iα_aX_a). (2.14)

Eqs. (2.12), (2.13) and (2.14) imply that all matrix elements are unchanged under the transformation.

To obtain the action of the algebra on these objects, we differentiate with respect to α and divide by i. Thus, corresponding to the action of the generator X_a on a ket, X_a |i⟩ , is −X_a acting on a bra, − ⟨i| X_a, and the commutator of X_a with an operator, [X_a, O]. Then the invariance of a matrix element ⟨i|O|j⟩ is expressed by the statement ⟨i|O(X_a|j⟩) + ⟨i|[X_a, O]|j⟩ + (−⟨i|X_a)O|j⟩ = 0.

3. Quantum Mechanics and Symmetries

First, some good news: quantum field theory is based on the same quantum mechanics that was invented by Schrödinger, Heisenberg, Pauli, Born and others in 1925-6, and has been used ever since in atomic, molecular, nuclear and condensed matter physics. The student is assumed to be familiar with quantum mechanics; this section provides only the briefest of summaries of quantum mechanics, in the generalized version of Dirac.

(i) Physical states are represented by rays in Hilbert space. A Hilbert space is a kind of complex vector space; that is, if Φ and Ψ are vectors in the space (often called ‘statevectors’) then so is ξΦ + ηΨ, for arbitrary complex numbers ξ, η. It has a norm; for any pair of vectors there is a complex number (Φ, Ψ) such that

(Φ, Ψ) = (Ψ, Φ)^∗, (3.1)

(Φ, ξ_1Ψ_1 + ξ_2Ψ_2) = ξ_1(Φ, Ψ_1) + ξ_2(Φ, Ψ_2), (3.2)

(η_1Φ_1 + η_2Φ_2, Ψ) = η^∗_1 (Φ_1, Ψ) + η^∗_2 (Φ_2, Ψ). (3.3)

The norm (Ψ, Ψ) also satisfies a positivity condition: (Ψ, Ψ) ≥ 0, and vanishes if and only if Ψ = 0. (There are also certain technical assumptions that allow us to take limits of vectors within Hilbert space.) A ray is a set of normalized vectors (i.e. (Ψ, Ψ) = 1) with

Ψ and Ψ^′ belonging to the same ray if Ψ^′ = ξΨ, where ξ is an arbitrary complex number with |ξ| = 1.

(ii) Observables are represented by Hermitian operators. These are mappings Ψ → AΨ of Hilbert space into itself, linear in the sense that

A(ξΨ + ηΦ) = ξAΨ + ηAΦ (3.4)

and satisfying the reality condition A^† = A, where for any linear operator A the adjoint A^† is defined by (Φ, A^†Ψ) ≡ (AΦ, Ψ) = (Ψ, AΦ)^∗. (3.5)

(There are also technical assumptions about the continuity of AΨ as a function of Ψ.) A state represented by the ray R has a definite value α for the observable represented by an operator A if vectors Ψ belonging to this ray are eigenvectors of A with eigenvalue α:

AΨ = αΨ for Ψ in R. (3.6)

An elementary theorem tells us that for A hermitian, α is real, and eigenvectors with different α’s are orthogonal.

(iii) If a system is in a state represented by a ray R, and an experiment is done to test whether it is in any one of the different states represented by the mutually orthogonal rays R_1, R_2, . . . (for instance, by measuring one or more observables) then the probability of finding it in the state represented by R_n is

P (R → R_n) = |(Ψ, Ψ_n)|^2, (3.7)

where Ψ and Ψ_n are any vectors belonging to the rays R and R_n, respectively. (A pair of rays is said to be orthogonal if the state vectors from the two rays have vanishing scalar products.) Another elementary theorem gives a total probability unity: ∑ n P (R → R_n) = 1 (3.8)

if the state vectors Ψ_n form a complete set.

A symmetry transformation is a change in our point of view that does not change the results of possible experiments. If an observer O sees a system in a state represented by a ray R or R_1 or R_2 . . ., then an equivalent observer O^′ who looks at the same system will observe it in a different state, represented by a ray R^′ or R^′_1 or R^′_2 . . ., respectively, but the two observers must find the same probabilities P (R → R_n) = P (R^′ → R^′_n). (3.9) (This is only a necessary condition for a ray transformation to be a symmetry.) An important theorem proved by Wigner in the early 1930s tells us that for any such transformation R → R^′ of rays we may define an operator U on Hilbert space, such that if Ψ is in ray R then UΨ is in the ray R^′, with U either unitary and linear (UΦ, UΨ) = (Φ, Ψ), (3.10) U(ξΦ + ηΨ) = ξUΦ + ηUΨ (3.11) or else antiunitary and antilinear (UΦ, UΨ) = (Φ, Ψ)^∗, (3.12) U(ξΦ + ηΨ) = ξ^∗UΦ + η^∗UΨ. (3.13) As already mentioned, the adjoint of a linear operator L is defined by (Φ, L^†Ψ) ≡ (LΦ, Ψ). (3.14) This condition cannot be satisfied for an antilinear operator A, because in this case the right-hand side of (3.14) would be linear in Φ, (AξΦ, Ψ) = ξ(AΦ, Ψ), (3.15) while the left-hand side of (3.14) is antilinear in Φ, (ξΦ, A^†Ψ) = ξ^∗(Φ, A^†Ψ). (3.16) Instead, the adjoint of an antilinear operator A is defined by (Φ, A^†Ψ) ≡ (AΦ, Ψ)^∗ = (Ψ, AΦ). (3.17) With this definitions, unitarity and linearity imply (UΦ, UΨ) = (U^†UΦ, Ψ) = (Φ, Ψ), (3.18) while antiunitarity and antilinearity imply

(UΦ, UΨ) = (U^†UΦ, Ψ)^∗ = (Φ, Ψ)^∗, (3.19)

so the conditions for unitarity or antiunitarity both take the form

U^† = U^{−1}. (3.20)

There is always a trivial symmetry transformation R → R, represented by the identity operator U = 1. This operator is, of course, unitary and linear. Continuity then demands that any symmetry (like a rotation or translation or Lorentz transformation) that can be made trivial by a continuous change of some parameters (like angles or distances or velocities) must be represented by a linear unitary operator U rather than one that is antilinear and antiunitary. (Symmetries represented by antiunitary antilinear operators are less prominent in physics; they all involve a reversal in the direction of time’s flow.)

In particular, a symmetry transformation that is infinitesimally close to being trivial can be represented by a linear unitary operator that is infinitesimally close to the identity:

U = 1 + iϵt (3.21)

with ϵ a real infinitesimal. For this to be unitary and linear, t must be Hermitian and linear, so it is a candidate for an observable. Indeed, most (and perhaps all) of the observables of physics, such as angular momentum or momentum, arise in this way from symmetry transformations.

The set of symmetry transformations has certain properties that define it as a group. If T_1 is a transformation that takes rays R_n into R^′_n, and T_2 is another symmetry transformation that takes R^′_n into R^{′′}_n, then the result of performing both symmetry transformations is another symmetry transformation, which we write T_2T_1, that takes R_n into R^{′′}_n. Also, a symmetry transformation T , that takes rays R_n into R^′_n, has an inverse, written T^{−1}, which takes R^′_n into R_n, and there is an identity transformation, T = 1, which leaves rays unchanged.

The unitary or antiunitary operators U(T ) corresponding to these symmetry transformations have properties that mirror this group structure, but with complication due to the fact that, unlike the symmetry transformations themselves, the operators U(T ) act on vectors in the Hilbert space rather than on rays. If T_1 takes R_n into R^′_n, then acting on vector Ψ_n in the ray R_n, U(T_1) must yield a vector U(T_1)Ψ_n in the ray R^′_n, and if T_2 takes this ray into R^{′′}_n, then acting on U(T_1)Ψ_n it must yield a vector U(T_2)U(T_1)Ψ_n in the ray R^{′′}_n. But U(T_2T_1)Ψ_n is also in this ray, so these vectors can differ only by a phase ϕ_n(T_2, T_1) U(T_2)U(T_1)Ψ_n = e^{iϕn(T2,T1)}U(T_2T_1)Ψ_n. (3.22)

Furthermore, with one significant exception, the linearity (or antilinearity) of U(T ) tells us that these phases are independent of the state Ψ_n. Here is the proof. Consider any two different vectors Ψ_A, Ψ_B, which are not proportional to each other. Then, applying eq. (3.22) to the state Ψ_{AB} ≡ Ψ_A + Ψ_B, we have

e^{iϕAB} U(T_2T_1)(Ψ_A + Ψ_B ) = U(T_2)U(T_1)(Ψ_A + Ψ_B) = U(T_2)U(T_1)Ψ_A + U(T_2)U(T_1)Ψ_B = e^{iϕA} U(T_2T_1)Ψ_A + e^{iϕB} U(T_2T_1)Ψ_B.

(3.23)

Any unitary or antiunitary operator has an inverse (its adjoint) which is also unitary or antiunitary. Multiplying (3.23) on the left with U^{−1}(T_2T_1), we have then

e^{±iϕAB} (Ψ_A + Ψ_B) = e^{±iϕA} Ψ_A + e^{±iϕB} Ψ_B, (3.24)

the upper and lower signs referring to U(T_2T_1) unitary or antiunitary, respectively. Since Ψ_A and Ψ_B are linearly independent, this is only possible if e^{iϕAB} = e^{iϕA} = e^{iϕB} . (3.25) So as promised, the phase in (3.22) is independent of the state vector Ψ_n, and therefore this can be written as an operator relation

U(T_2)U(T_1) = e^{iϕ(T2,T1)}U(T_2, T_1). (3.26)

For ϕ = 0, this would say that U(T ) furnish a representation of the group of symmetry transformations. For general phases ϕ(T_2, T_1), we have what is called a projective representation, or a representation ‘up to a phase’. The structure of the Lie group cannot by itself tell us whether the physical state-vectors furnish an ordinary or a projective representation, but as we shall see, it can tell us whether the group has any intrinsically projective representations at all.

The exception to the argument that led to (3.26) is that it may not be possible to prepare the system in a state represented by Ψ_A + Ψ_B. For instance, it is widely believed to be impossible to prepare a system in a superposition of two states whose total angular momentum are integers and half-integers, respectively. In such cases, we say that there is a ‘superselection rule’ between different classes of states, and the phases ϕ(T_2, T_1) may depend on which of these classes of states the operators U(T_2)U(T_1) and U(T_2T_1) act upon. We will have more to say about these phases and projective representations below. As we shall see later, any symmetry group with projective representations can always be enlarged (without otherwise changing its physical implications) in such a way that its representations can all be defined as non-projective, with ϕ = 0. Until then, we will just assume that this has been done, and take ϕ = 0 in eq. (3.26).

There is a kind of group called connected Lie group, of special importance in physics. These are groups of transformations T (θ) that are described by a finite set of real continuous parameters, say θ^a, with each element of the group connected to the identity by a path within the group. The group multiplication law then takes the form T (θ)T (θ) = T ( f(θ, θ) ) (3.27)

with f^a(θ, θ) a function of the θs and θs. Taking θ^a = 0 as the coordinates of the identity, we must have f^a(θ, 0) = f^a(0, θ) = θ^a. (3.28)

As already mentioned, the transformations of such continuous groups must be represented on the physical Hilbert space by unitary (rather than antiunitary) operators U(T (θ)). For a Lie group, these operators can be represented in at least a finite neighborhood of the identity by a power series

U(T (θ)) = 1 + iθ^at_a + 1 2 θ^bθ^ct_{bc} + · · · , (3.29) where t_a, t_{bc} = t_{cb}, etc. are Hermitian operators independent of the θs. Suppose that the U(T (θ)) form an ordinary (i.e. non-projective) representation of this group of transformations, i.e. U(T (θ))U(T (θ)) = U(T (f(θ, θ)). (3.30) Let us see what this condition looks like when expanded in powers of θ^a and θ^a. According to eq. (3.28), the expansion of f^a(θ, θ) to second order must take the form

f^a(θ, θ) = θ^a + θ^a + f^a_{bc}θ^bθ_c + · · · (3.31) with real coefficients f^a_{bc}. (The presence of any terms of order θ^2 or θ^2 would violate eq. (3.28).) Then eq. (3.30) reads [ 1 + iθ^at_a + 1 2 θ^bθ^ct_{bc} + · · · ] × [ 1 + iθ^at_a + 1 2 θ^bθ^ct_{bc} + · · · ]

= 1 + if^at_a + 1 2 f^bf^ct_{bc} + · · · = 1 + i ( θ^a + θ^a + f^a_{bc}θ^bθ^c + · · · ) t_a + 1 2 (θ^b + θ^b + · · ·)(θ^c + θ^c + · · ·)t_{bc} + · · ·

(3.32)

The terms of order 1, θ, θ, θ^2 and θ^2 automatically match on both sides of eq. (3.32), but from the θθ terms we obtain a non-trivial condition t_{bc} = −t_bt_c − if^a_{bc}t_a. (3.33) This shows that if we are given the structure of the group, i.e. the function f(θ, θ), and hence its quadratic coefficient f^a_{bc}, we can calculate the second order terms in U(T (θ)) from the generators t_a appearing in the first order terms. However, there is a consistency condition: the operator t_{bc} must be symmetric in b and c (because it is the second derivative of U(T (θ)) with respect to θ^b and θ^c) so eq. (3.33) requires that

[t_b, t_c] = iC^a_{bc}t_a, (3.34)

where C^a_{bc} are a set of real constants known as structure constants C^a_{bc} ≡ −f^a_{bc} + f^a_{cb}. (3.35) Such a set of commutation relations is known as a Lie algebra. We will later prove in effect that the commutation relation (3.34) is the single condition needed to assure that this process can be continued: the complete power series for U(T (θ)) may be calculated from an infinite series of relations like (3.33), provided we know the first order terms, the generators t_a. This does not necessarily mean that the operators U(T (θ)) are uniquely determined for all θ_a if we know t_a, but it does mean that the U(T (θ)) are uniquely determined in at least a finite neighborhood of the coordinates θ^a = 0 of the identity, in such a way that eq. (3.27) is satisfied if θ, θ and f(θ, θ) are in this neighborhood. The extension to all θ^a is discussed later.

There is a special case of some importance, that we will encounter again and again. Suppose that the function f(θ, θ) (perhaps just for some subset of the coordinates θ^a) is simply additive f^a(θ, θ) = θ^a + θ^a. (3.36)

This is the case for instance for translations in spacetime, or for rotations around any fixed axis (though not for both together). Then the coefficients f^a_{bc} in eq. (3.31) vanish, and so do the structure constants (3.35). The generators then all commute

[t_b, t_c] = 0. (3.37)

Such a group is called Abelian. In this case, it is easy to calculate U(T (θ)) for all θ^a. From eqs. (3.30) and (3.36), we have U(T (θ))U(T (θ)) = U(T (θ + θ)), and, in particular, U(T (θ))U(T (θ)) = U(T (2θ)). Consequently, for any integer N, we have

U(T (θ)) = [U(T (θ/N))]^N . (3.38)

Letting N → ∞, and keeping only the first order term in U(T (θ/N)), we have then

U(T (θ)) = lim_{N→∞} [ 1 + i N θ^at_a ]_N (3.39)

and hence U(T (θ)) = exp(it_aθ^a). (3.40)

4. SU(2)

The simplest non-Abelian Lie algebra consists of three generators J_a, i = 1, 2, 3, satisfying f_{abc} = ε_{abc}, where ε_{abc} is the completely antisymmetric tensor (ε_{123} = 1 and ε_{abc} is antisymmetric in the exchange of any two indices). The commutation relations should be familiar:

[J_1, J_2] = iJ_3, [J_2, J_3] = iJ_1, [J_3, J_1] = iJ_2. (4.1)

This is the angular momentum algebra. As is well known, the generators of the rotation group satisfy (4.1). We will analyze the representations of the algebra (4.1) in two different ways, both of which generalize to other Lie groups.

The first technique is essentially the operator method. Assume we are given an N dimensional irreducible representation of (4.1). We can diagonalize the hermitian operator J_3. Consider the states with the highest value of J_3. If there is more than one, label them by integers α = 1, 2, . . .: J_3 |j, α⟩ = j |j, α⟩ . Choose |j, α⟩ such that ⟨j, α|j, β⟩ = δ_{αβ}. Define the raising and lowering operators J^± = (J_1 ± iJ_2)/ √ 2, so called because when they act on an eigenstate of J_3 they raise or lower the eigenvalue by one unit. The commutation relations for these are [J_3, J^±] = ±J^±, [J^+, J^−] = J_3, so if J_3 |m⟩ = m |m⟩, then J_3J^± |m⟩ = J^±J_3 |m⟩ ± J^± |m⟩ = (m ± 1)J^± |m⟩ . Since j is the highest J_3 value, we must have J^+ |j, α⟩ = 0. The states J^− |j, α⟩ have J_3 = j − 1. Define J^− |j, α⟩ = N_j (α) |j − 1, α⟩ . States with different α’s are orthogonal because N^∗_j (β)N_j (α)⟨j − 1, β|j − 1, α⟩ = ⟨j, β|J^+J^−|j, α⟩ = ⟨j, β|[J^+, J^−]|j, α⟩ = ⟨j, β|J_3|j, α⟩ = j⟨j, β|j, α⟩ = jδ_{αβ}. So we can choose |j − 1, α⟩ orthonormal, then |N_j (α)|^2 = j. Clearly we can choose phases so N_j (α) = √ j = N_j . Then J^+ |j − 1, α⟩ = 1 N_j J^+J^− |j, α⟩ = 1 N_j [J^+, J^−] |j, α⟩ = N_j |j, α⟩ .

Note that J^± change j without changing α.

Now we can look at J^− |j − 1, α⟩ and show by an analogous argument that there are orthonormal states |j − 2, α⟩ satisfying J^− |j − 1, α⟩ = N_{j−1} |j − 2, α⟩ , J^+ |j − 2, α⟩ = N_{j−1} |j − 1, α⟩ . Continuing the process we find orthonormal states |j − k, α⟩, such that J^− |j − k, α⟩ = N_{j−k} |j − k − 1, α⟩ , J^+ |j − k − 1, α⟩ = N_{j−k} |j − k, α⟩ . The N’s (chosen real) satisfy N^2_{j−k} = ⟨j − k, α|J^+J^−|j − k, α⟩ = ⟨j − k, α|[J^+, J^−]|j − k, α⟩ + ⟨j − k, α|J^−J^+|j − k, α⟩ = N^2_{j−k+1} + j − k. This recusrsion relation can be solved by addition (do it!), giving

N_m = √ (j + m)(j − m + 1)/2. Eventually, we must come to a j − l such that J^− |j − l, α⟩ = 0. But this requires N_{j−l} = 0 or l = 2j. So, j = l/1 for some integer l.

The space breaks up to α subspaces of dimension 2j + 1 and the subspace of states that we have not already found by our procedure. But the J’s act on these subspaces in block diagonal form, J J J · ? . (4.2)

Since we assumed the representation was irreducible, there must be only one α and no other states.

We have explicitly constructed the irreducible representations of (4.1). They are characterized by their highest J_3 eigenvalue j which must be an integer or half-odd-integer. They are 2j + 1 dimensional.

Furthermore, the same construction can be used to decompose an arbitrary representation into its irreducible components. Starting with any representation, we obtain (4.2) in which the irreducible representations with the highest j are explicitly separated out. Now we can apply the procedure again to the other states to find the representations with the next highest j, and so on until the representation is completely reduced.

The values of J_3 are called weights, and j is the highest weight. This construction, which characterizes the irreducible representations in terms of their highest weight, generalizes to any Lie algebra.

The representation of (4.1) with highest weight j is sometimes called spin j representation because it is the representation associated with a particle at rest with spin angular momentum j (J^2 = j(j + 1)h̄^2).

When hermitian angular momentum operators (that is J’s satisfying (4.1)) exist, the entire Hilbert space is a representation and can be decomposed into states labeled by |m, j, α⟩ in the spin j representation with J_3 = m. The α stands for all other labels necessary to characterize the states. We can (and will) choose the state orthonormal in α, so the states satisfy ⟨m, j, α|m^′, j^′, β⟩ = δ_{mm}0δ_{jj}0 δ_{αβ}. (4.3) These states form a convenient basis for studying the properties of the system under rotations.

The δ functions on the RHS of (4.3) are not purely a convention. They follow from the algebraic structure. We know that m and m^′ must be equal for the matrix element to be nonzero because they are eigenvalues of a hermitian operator. Of course, we know from the familiar analysis in terms of the operator J^2 that j and j^′ are also eigenvalues of a hermitian operator. But we can also show that j = j^′ for a nonzero matrix element directly with raising and lowering operators. Suppose that j^′ > j and consider

⟨j, j, α|j, j^′, β⟩ = √ 2 (j^′ + j)(j^′ − j + 1) ⟨j, j, α|J^−|j + 1, j^′, β⟩ = 0.

Applying J^± judiciously, we can show that j = j^′ for all m.

The highest value construction shows us how to break down a representation into simpler irreducible representations. There is another way of looking at it. We can build up an arbitrary representation out of the simplest representation. The simplest nontrivial representation of (4.1) is generated by σ_a/2 where σ_a are the Pauli matrices:

σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) . (4.4)

Notice that the group elements, exp(iα_aσ_a/2), are the Special (determinant 1) Unitary 2 × 2 matrices. The group is often called SU(2).

Given two representations D_1 (dim n) and D_2 (dim m) of a group G, we can form another representation in two ways:

(1) The direct sum D_1 ⊕ D_2 has dimension n + m. It is formed by the block-diagonal matrices ( D_1(g) 0 0 D_2(g) ) . The generators of the representation D_1 ⊕ D_2 are X^{D1⊕D2} a = ( X^{D1}_a 0 0 X^{D2}_a ) . The operation of taking the direct sum is the reverse of the process of reducing a representation.

(2) We can also form a representation of dimension n×m as follows. If |i⟩ (i = 1, . . . , n) is an orthonormal basis in the space on which D_1 acts, and |x⟩ (x = 1, . . . , m) is an orthonormal basis for D_2, we can identify the product {|i⟩ |x⟩} with an orthonormal basis in an n × m dimensional space, called the direct product space. On this space, the direct product representation D_1 ⊗ D_2 is (D_1 ⊗ D_2)(g){|i⟩ |x⟩} = {D_1(g) |i⟩ D_2(g) |x⟩}. (4.5) In the matrix language,

[(D_1 ⊗ D_2)(g)]_{ix,jy} = [D_1(g)]_{ij} [D_2(g)]_{xy}. (4.6)

The generators of the direct product representation are the sums (obtained by differentiating the product in (4.6)) [X^{D1⊗D2} a ]_{ix,jy} = [X^{D1}_a ]_{ij} δ_{xy} + δ_{ij} [X^{D2}_a ]_{xy}. (4.7)

Clearly we can form the direct product of an arbitrary number of representations.

The ideas of direct product space and direct product representation are very important. The space occurs whenever a state can be labeled by two or more independent indices. When the indices are associated with representations of a Lie algebra, the states are in a direct product representation. The addition of angular momentum in quantum mechanics is an example of (4.7). Often, the δ functions in (4.7) are suppressed, since they are just identity matrices in the relevant space. The important thing to remember in dealing with direct products is what matrices act on which space.

Now, getting back to the two dimensional representations of SU(2), we can form the direct product of n of them, [D ⊗ · · · ⊗ D]_{i1···in,j1···jn} = D_{i1j1} · · · D_{injn} (4.8) acting on the n component objects u_{j1···jn} . This representation is reducible. In particular, (4.8) preserves any symmetry of the u vectors under permutation of the labels 1 to n. The product representation breaks up into irreducible components corresponding to vectors with definite symmetry. The component acting on the completely symmetric subspace is n + 1 dimensional, because the completely symmetric n index object has only n + 1 independent components. In fact, this representation is the irreducible representation with j = n/2. This construction also generalizes to more complicated groups and their algebras. It is the basis of what are called “tensor methods” for dealing with representations.

5. Tensor Operators and the Wigner-Eckart Theorem

A tensor operator O_x (x = 1, . . . , 2s + 1) is a set of linear operators with simple commutation relations with the angular momentum operators:

[J_a, O_x] = O_y[J^s_a]_{yx} (5.1)

where J^s_a are the matrix generators of the irreducible spin-s representation. The operators O_x are said to transform according to the spin s representation.

For example, consider a system of a particle in a spherically symmetric potential. Here J_a are the orbital angular momentum operators J_a = L_a = ε_{abc}r_bp_c. The position vector r_a is a tensor operator because

[J_a, r_b] = ε_{acd}[r_cp_d, r_b] = −iε_{abc}r_c = r_c[J^1_a ]_{cb}.

It transforms according to the spin 1 (adjoint) representation.

The reason that the definition (5.1) is useful is this: Consider the state O_x |m, j, α⟩. It satisfies J_a{O_x |m, j, α⟩} = [J_a, O_x] |m, j, α⟩ + O_xJ_a |m, j, α⟩ = O_y |m, j, α⟩ [J^s_a]_{yx} + O_x |m^′, j, α⟩ [J^j_a]_m0_m. (5.2)

Comparing (5.2) with (4.7), we see that the state O_x |m, j, α⟩ transforms according to the tensor product representation s ⊗ j.

We can choose linear combinations of the O_x as follows, to diagonalize the hermitian matrix [J^s_3 ]: O^′_ℓ = O_y[S^{−1}]_{yℓ} (ℓ = −s, . . . , s), [SJ^s_3 S^{−1}]_{ℓℓ}0 = ℓδ_{ℓℓ}0.

(5.3)

Then [J_3, O^′_ℓ] = ℓO^′_ℓ, J_3O^′_ℓ |m, j, α⟩ = (ℓ + m)O^′_ℓ |m, j, α⟩ . (5.4)

In the basis defined by (5.3), the operators O^′_ℓ are analogous to the J_3 eigenstates |ℓ, s⟩. The state O^′_ℓ |m, j, α⟩ is the analog of the tensor product state {|ℓ, s⟩ |m, j, α⟩}. We can decompose it, just as we can decompose the product state into states which transform irreducibly under the algebra. You have shown in the exercise that s ⊗ j = (s + j) ⊕ · · · ⊕ |s − j|. Thus O^′_ℓ |m, j, α⟩ = (s+j)∑

J=|s−j| ⟨ℓ + m, J|ℓ, s; m, j⟩ · |ℓ + m, J⟩ . (5.5) The constants ⟨ℓ + m, J|ℓ, s; m, j⟩ are pure group theory. They are called Clebsch- Gordan coefficients. You should be familiar with them from your study of addition of angular momenta in quantum mechanics. You can look them up in tables. Or, better still, you can determine them yourself by working out the corresponding decomposition of the tensor product state

|ℓ, s⟩ |m, j⟩ = (s+j)∑

J=|s−j| ⟨ℓ + m, J|ℓ, s; m, j⟩ · |ℓ + m, J⟩ , (5.6)

using the highest weight decomposition algorithm. For example, we know that the state of highest weight is |s, s⟩ |j, j⟩ = |s + j, s + j⟩ . (5.7)

Thus ⟨s + j, s + j|s, s; j, j⟩ = 1. Of course, it is equally obvious that the highest weight state in the product O^′_ℓ |m, j, α⟩ is O^′_s |j, j, α⟩. But to go beyond this, it is much more convenient to work with analog tensor product states. Acting on (5.7) with the lowering operator J^− we find √ s s + j |s − 1, s⟩ |j, j⟩ + √ j s + j |s, s⟩ |j − 1, j⟩ = |s + j − 1, s + j⟩ . (5.8) Thus, for example, ⟨s + j − 1, s + j|s − 1, s; j, j⟩ = √ s s + j . Proceeding in this way we can find all of the coefficients for J = s + j. To get them for J = s+j −1, we proceed with the highest weight algorithm and throw out all the J = s+j states. The highest weight state remaining is the state orthogonal to (5.8): √ j s + j |s − 1, s⟩ |j, j⟩ − √ s s + j |s, s⟩ |j − 1, j⟩ = |s + j − 1, s + j − 1⟩ . (5.9) Thus, for example, ⟨s + j − 1, s + j − 1|s, s; j − 1, j⟩ = − √ s s + j . (5.10)

(5.9) is a definition. The state has been properly normalized, but its phase is ours to choose. The Clebsch-Gordan coefficient (5.10) depends on the choice of the phase. When you use tables of Clebsch-Gordan coefficients, you must be sure that you understand their phase convention.

Now we know by analogy that, for example, the state √ j s + j O^′_{s−1} |j, j, α⟩ − √ s s + j O^′_s |j − 1, j, α⟩ = |s + j − 1, s + j − 1⟩ (5.11) is the highest weight state in the J = s + j − 1 representation. We can confirm this by applying J^+ to (5.11) and checking that it annihilates the state. Indeed this must happen because the action of J^+ on (5.11) is the same as the action of J^+ on (5.9).

Something slightly nontrivial has happened here. We used the orthogonality property of the tensor product, (⟨ℓ^′, s| ⟨m^′, j|)(|l, s⟩ |m, j⟩) = δ_{ℓℓ}0δ_{mm}0 , (5.12) to derive the state (5.9) which is annihilated by J^+. We then argued that the analog state (5.11) is also annihilated by J^+. And this is true even though the orthogonality property analogous to (5.12) is not true: ⟨m^′, j, α|O^{′†}_ℓ0O^′_ℓ|m, j, α⟩ ≠ δ_{ℓℓ}0δ_{mm}0 . (5.13) Indeed, group theory does not tell us anything about how the state (5.11) is normalized.

Now, back to (5.5). We can decompose the states |ℓ + m, J⟩ which appear on the RHS of (5.5) in terms of our complete set of states |m, j, α⟩ as follows: |ℓ + m, J⟩ = ∑ β k_{βα} |ℓ + m, j, β⟩ . (5.14)

The constants k_{βα} depend on j, α and on the operator O which appear on the LHS of (5.5) and also on J and β. But k_{βα} is independent of ℓ and m. It is enough to find k_{βα} for, say, ℓ + m = J. This is obvious because J^± applied to (5.14) changes ℓ + m without changing the constants k_{βα}. The k_{βα} are called reduced matrix elements and denoted by k_{βα} = ⟨J, β|O|j, α⟩. (5.15) Finally, we can put all of this together to get what is called the Wigner-Eckart theorem for matrix elements of tensor operators: ⟨m^′, J, β|O^′_ℓ|m, j, α⟩ = δ_m0_{,ℓ+m}⟨ℓ + m, J|ℓ, s; m, j⟩ · ⟨J, β|O|j, α⟩. (5.16) According to this theorem, if we know any nonzero matrix element of a tensor operator between states of some given J, β and j, α, we can compute all the others using group theory. This sounds remarkable, but remember we just arrived at it using nothing more than the properties of the algebra. The point is simply that we can use J^± to go up and down within representations using pure group theory. Thus, it should not be surprising that by judicious use of the raising and lowering operators we can relate the various matrix elements.

Let us work out an example involving the position operator. Given ⟨1/2, 1/2, α|r_3|1/2, 1/2, β⟩ = A, we should be able to find ⟨1/2, 1/2, α|r_1| − 1/2, 1/2, β⟩.

The first step is to construct the operators r^′_ℓ. This can be done easily by noting that [J_3, r_3] = 0, so that we can take r^′_0 = r_3.

Then the commutation relations for the spin 1 operator give the rest:

[J^±, r^′_0] = r^′_{±1} = ∓(r_1 ± ir_2)/ √ 2. Thus A = ⟨1/2, 1/2, α|r^′_0|1/2, 1/2, β⟩, and ⟨1/2, 1/2, α|r_1| − 1/2, 1/2, β⟩ =⟨1/2, 1/2, α|(r^′_{−1} − r^′_{+1})/ √ 2| − 1/2, 1/2, β⟩ = − 1 √ 2 ⟨1/2, 1/2, α|r^′_{+1}| − 1/2, 1/2, β⟩. Then the theorem (5.16) gives A = ⟨1/2, 1/2|0, 1; 1/2, 1/2⟩⟨1/2, α|r|1/2, β⟩, and the matrix element we want is − 1 √ 2 ⟨1/2, 1/2|1, 1; −1/2, 1/2⟩⟨1/2, α|r|1/2, β⟩. From (5.9) and (5.10) (or your favorite table) we see that ⟨1/2, 1/2|1, 1; −1/2, 1/2⟩ = − √ 2/3, ⟨1/2, 1/2|0, 1; 1/2, 1/2⟩ = √ 1/3. Thus ⟨1/2, 1/2, α|r_1| − 1/2, 1/2, β⟩ = A.

6. The Wigner Theorem

Consider two experimenters O and O^′ using differently oriented coordinate frames with a common origin. Let R specify their relative orientation – as given by the Euler angles, for example. Let |jm⟩ and |jm; R⟩ be the angular momentum eigenstates prepared by O and O^′, respectively. Thus |jm⟩ is a state with eigenvalues j(j + 1) and m under J^2 and J_z, while |jm; R⟩ is an eigenstate of J_z0 with the same eigenvalue m. Furthermore, let O prepare a one electron state of momentum p travelling along the z-axis, and let O^′ prepare a one-electron state of the same energy travelling along the z^′ axis. We shall designate these states by |u⟩ and |u; R⟩, respectively. If O carries out an experiment to determine the probability that the state |u⟩ be found to have definite eigenvalues of J^2 and J_z, he will find that this probability is |⟨u|jm⟩|^2. But O can also carry out a similar experiment on the states prepared by O^′, and measure the probability |⟨u; R|jm; R⟩|^2. If we assume that the relationship between rotations and translations is the same in the two frames, we must require |⟨u|jm⟩| = |⟨u; R|jm; R⟩|. This relation must also hold for an arbitrary state |u⟩, provided |u; R⟩ has precisely the same properties when observed by O^′ as |u⟩ has when observed by O. Note the absolute value signs appear because the rays, and not the kets, correspond uniquely to physical states. It is also important to realize that we have not assumed rotational invariance of the equations of motion.

The considerations of the preceding paragraph can be generalized to other relationships between pairs of observers. Other important examples are pairs of observers whose coordinate systems are translated with respect to each other, and pairs of observers who use different convention for the origin of time. In relativistic quantum mechanics important consequences emerge when one considers observers who use different conventions for the sign of the electric charge.

We now inquire into the mathematical nature of the relationship between the two complete, though equivalent, descriptions used by O and O^′. In the case of the example used above, we would like to determine the properties of the operator that perform the mapping |u⟩ → |u; R⟩ on the Hilbert space. If the vectors, and scalar products, were themselves of physical significance, we would immediately conclude that the correspondence between the two equivalent descriptions is given by a unitary transformation. Because there need only be a one-to-one correspondence between physical states prepared by O and O^′, however, only one-to-one correspondence between rays is required. We must therefore be prepared for more complicated transformations than the unitary ones. Fortunately, Wigner has proven the remarkably simple result that we need only concern ourselves with one kind of transformations beyond the unitary type. Moreover, we shall see that nonunitary transformations can only be associated with a very restricted class of transformations.

Henceforth we shall use the following notation: O uses the kets |α⟩, |β⟩, to describe a pair of states with certain properties, O^′ associates |α^′⟩, |β^′⟩ with states which, in his description, have identical properties. If, moreover, c_1 |α_1⟩ + c_2 |α_2⟩ is a ket describing some state prepared by O, then (c_1 |α_1⟩ + c_2 |α_2⟩)^′ is the corresponding O^′-ket. The ray correspondence that we are about to investigate is then |⟨α|β⟩| = |⟨α^′|β^′⟩|. (6.1) Let {|a_n⟩} be an orthonormal basis prepared by O, and let {|a^′_n⟩} be the equivalent basis prepared by O^′. By hypothesis ∑ n |a_n⟩ ⟨a_n| = ∑ n |a^′_n⟩ ⟨a^′_n| = 1. (6.2)

The phases of these sets can be chosem at our convenience. Furthermore, if |α⟩ = ∑ n |a_n⟩ ⟨a_n|α⟩ and |α^′⟩ = ∑ n |a^′_n⟩ ⟨a^′_n|α^′⟩, we are also free to choose the arbitrary overall phases of |α⟩ and |α^′⟩. Only the ray containing |α⟩ must be mapped into the ray containing |α^′⟩ in the transformation from the O- to the O^′-description.

The content of this subsection is expressed by the Wigner’s theorem: We may choose the arbitrary phases so that either ⟨α|β⟩ =⟨α^′|β^′⟩, (I) (c_1 |α_1⟩ + c_2 |α_2⟩)^′ =c_1 |α^′_1⟩ + c_2 |α^′_2⟩ ,

(6.3) or ⟨α|β⟩ =⟨β^′|α^′⟩ = ⟨α^′|β^′⟩^∗, (II), (c_1 |α_1⟩ + c_2 |α_2⟩)^′ =c^∗_1 |α^′_1⟩ + c^∗_2 |α^′_2⟩ .

(6.4)

Case (I) corresponds to a linear unitary transformation, while case (II) corresponds to an antilinear antiunitary transformation.

To prove the theorem, we begin with the ket |ϕ_n⟩ = |a_1⟩ + |a_n⟩, and show that we can arrange the phases of {|a^′_n⟩} so that |ϕ^′_n⟩ = |a^′_1⟩ + |a^′_n⟩. From (6.2) we have |ϕ^′_n⟩ = ∑ m |a^′_m⟩ ⟨a^′_m| (|a_1⟩ + |a_n⟩)^′,

and from (6.1) ⟨a^′_m| (|a_1⟩ + |a_n⟩)^′ = e^{iτm} [⟨a_m|a_1⟩ + ⟨a_m|a_n⟩] = e^{iτm} (δ_{m1} + δ_{mn}), or |ϕ^′_n⟩ = e^{iτ1} |a^′_1⟩ + e^{iτn} |a^′_n⟩ .

We are also free to redefine the phases of {|a^′_n⟩} so as to absorb the phase factors e^{iτn} . Then we have |ϕ^′_n⟩ = |a^′_1⟩ + |a^′_n⟩ . Consider the ket |α⟩ = ∑ n c_n |a_n⟩ , and its image |α^′⟩ = ∑ n c^′_n |a^′_n⟩ . Of course, c_n = ⟨a_n|α⟩ and c^′_n = ⟨a^′_n|α^′⟩., and therefore |c_n| = |c^′_n|. But |⟨ϕ_n|α⟩| = |c_1 + c_n|, |⟨ϕ^′_n|α^′⟩| = |c^′_1 + c^′_n|, and therefore |c_1 + c_n| = |c^′_1 + c^′_n|.

We are still free to choose the phases of |α^′⟩ and we do this to make c_1 = c^′_1. Thus we must solve |c_1 + c_n| = |c_1 + c^′_n|, which gives the quadratic equation c_1c^∗_n + c^∗_1c_n = c_1c^{′∗}_n + c^∗_1c^′_n.

Multiplying by c^′_n gives c^∗_1c^{′2}_n − c^′_n(c_1c^∗_n + c^∗_1c_n) + c_1|c_n|^2 = 0.

The roots of this equation are c^′_n = { c_n (i) (c_1/c^∗_1)c^∗_n (ii) . We can still redefine the phase of |α⟩ itself, and make c_1 real. Thus we finally have |α^′⟩ = ∑ n c^∗_n |a^′_n⟩ in case (ii). Hence (i) corresponds to the unitary transformation, (ii) to the antiunitary.

Consider another ket |β⟩ = ∑ n d_n |a_n⟩. It transforms to either ∑ n d_n |a^′_n⟩ or ∑ n d^∗_n |a^′_n⟩. Assume the unitary case, |α^′⟩ = ∑ n c_n |a^′_n⟩. Then we see that if |β⟩ undergoes the unitary transformation, ⟨β^′|α^′⟩ = ∑ n d^∗_nc_n = ⟨β|α⟩, while if |β⟩ undergoes an antiunitary transformation, |⟨β^′|α^′⟩| = | ∑ n d_nc_n| ≠ |⟨β|α⟩|. Hence in a particular transformation O → O^′, all vectors are transformed according to unitary or antiunitary transformations. In detail, if |α^′⟩ = ∑ n c^∗_n |α^′_n⟩ , |β^′⟩ = ∑ n d^∗_n |α^′_n⟩ ,

then ⟨β^′|α^′⟩ = ∑ n d_nc^∗_n = ⟨α|β⟩. This completes the proof of the theorem.

7. Time Translations and the Hamiltonian

At t = t_0, an observer prepares a variety of states |a^′t_0⟩, |a^{′′}t_0⟩, etc., which are eigenstates of an operator A: (A − a^′) |a^′t_0⟩ = 0.

The time evolution of this state is described by a unitary operator U which (for an isolated system) can depend only on t − t_0:

|a^′t_0; t⟩ = U(t − t_0) |a^′t_0⟩ .

Consider a time t^′ such that t > t^′ > t_0. We could permit the system to evolve from |a^′t_0⟩ until time t^′, i.e., into the state represented by U(t^′ − t_0) |a^′t_0⟩. This state |a^′t_0; t^′⟩ could then be allowed to evolve until t, at which time it is U(t − t^′) |a^′t_0; t^′⟩. The latter state is clearly identical to |a^′t_0; t⟩, and we therefore obtain the group property of the unitary operators:

U(t − t^′)U(t^′ − t_0) = U(t − t_0).

Setting t_0 = t, and noting that U(0) = 1, yields

U^{−1}(t − t^′) = U(t^′ − t) = U^†(t − t^′).

We are therefore dealing with a continuous one-parameter group of operators, which means that U can only be unitary and not antiunitary.

Consider the case where t − t_0 is infinitesimal, and put t_0 = 0. U(δt) will differ from 1 by an infinitesimal operator: U(δt → 0) −→ 1 + δU. Unitarity then implies 1 = UU^† = (1 + δU)(1 + δU^†) ≃ 1 + (δU + δU^†) + O[(δU)^2].

Hence we require that δU + δU^† = 0, which implies that δU is anti-hermitian, or δU = i×(hermitian operator). We make the further observation that the group property U(δt_1)U(δt_2) = U(δt_1 + δt_2) requires δU(δt) to be proportional to δt. Thus in the case of an isolated system, δU equals iδt multiplied by a time-independent hermitian operator, which has dimension of energy. Conventionally, one writes δU = −iHδt, where H is the Hamiltonian operator of the system. Note that H is the generator of infinitesimal time displacements.

Using the group property we have U(t + dt) − U(t) = [U(dt) − 1]U(t) = −iH dt U(t), or i ∂ ∂t U(t) = HU(t). Because H commutes with itself, this equation can be integrated: U(t) = exp(−iHt), (7.1) since U(0) = 1. In the same way, we have |a^′t_0; t + dt⟩ − |a^′t_0; t⟩ = [U(dt) − 1] |a^′t_0; t⟩ = −iH dt |a^′t_0; t⟩ , and therefore |a^′t_0; t⟩ satisfies the Schrödinger equation, ( i ∂ ∂t − H ) |a^′t_0; t⟩ = 0, (7.2)

with the initial condition |a^′t_0; t_0⟩ = |a^′t_0⟩. Eq. (7.2) has the formal solution

|a^′t_0; t⟩ = exp[−iH(t − t_0)] |a^′t_0⟩ . (7.3)

Eq. (7.3) assumes a very simple form when the Hamiltonian itself is a member of the complete set of observables that specifies the initial state. When this is the case we shall write the initial state as |Ea^′t_0⟩, where E is the eigenvalue of H. Eq. (7.3) then reads

|Ea^′t_0; t⟩ = exp[−iE(t − t_0)] |Ea^′t_0⟩ . (7.4)

These eigenstates of H therefore belong to the same ray for all values of t. They represent the same physical states at different times and are therefore stationary. The matrix elements of a time independent observable B between eigenstates of H also have a very simple time dependence: ⟨E^′a^′t_0; t|B|E^{′′}a^{′′}t_0; t⟩ = exp[−i(E^{′′} − E^′)(t − t_0)]⟨E^′a^′t_0|B|E^{′′}a^{′′}t_0⟩. Note that in our formulation, the linearity of the Schrödinger equation (7.2) is an immediate consequence of the unitarity and continuous nature of time displacements.

Our discussion has been based on a description where the kets move about in Hilbert space as time goes on, but the operators stay fixed. This is only one of many possible and completely equivalent modes of description. It is called the Schrödinger picture. Another very important way of discussing time development is with the Heisenberg picture. Here we fix the kets and allow the operators to evolve, i.e., the function (or mapping) they perform depends on t. The existence of this possibility can be seen by writing an arbitrary matrix element of A at time t: ⟨b^′t_0; t|A|c^′t_0; t⟩ = ⟨b^′t_0|U^†(t, t_0)AU(t, t_0)|c^′t_0⟩. (7.5) Clearly we can calculate equally well with the stationary kets |b^′t_0⟩ and the time dependent operator A(t, t_0) = U^†(t, t_0)AU(t, t_0).

Consider again the case of an isolated system, and choose t_0 = 0. Because of (7.1), (7.5) now reads ⟨b^′t|A|c^′t⟩ = ⟨b^′|e^{iHt}Ae^{−iHt}|c^′⟩. (7.6) The Heisenberg picture observable is then defined as A(t) = e^{iHt}Ae^{−iHt}, A = A(0). (7.7) Let us briefly summarize the differences between the two pictures. In the S-picture, a system evolves in time according to the Schrödinger equation, or more succintly according to the moving ket |a^′t⟩_S = U(t) |a^′t⟩_H , where the subscript H(S) stands for Heisenberg (Schrödinger). The ket |a^′t⟩_H is just the initial condition which must, in any case, be stipulated in addition to the Schrödinger equation. In the H-picture, the system is described by the time-dependent observable A(t) and a fixed ket |a^′t⟩_H . The equation of motion must now determine A(t). The equation that does this is obtained by differentiating (7.7): i d dt A(t) = [A(t), H]. (7.8) This is the Heisenberg equation of motion, and it replaces the S-equation in the H-picture. It should be noted that a ket |α⟩_S which was taken to be fixed in the S-picture, moves in the H-picture, |α⟩_H = U^†(t) |α⟩_S . From a practical point of view, the S-picture is often (though not always, by any means) the better to use. For theoretical discussions the H-picture is frequently superior. For example, (7.8) tells us immediately that ⟨A⟩ is t-independent if [A, H] = 0.

8. Spatial Translations

Consider two observers whose coordinate frames are rigidly displaced with respect to each other. The first observer has a complete arsenal of measurement devices with which he prepares the states |a^′⟩, |b^′⟩, etc. The second observer’s origin is at a from the first one’s point of view. The second observer also supplies herself with a complete set of states |a^′; a⟩ that, as far as she is concerned, have the same properties as the |a^′⟩ of the first observer.

Thus |⟨a^′|b^′⟩| = |⟨a^′; a|b^′; a⟩|, and by Wigner’s theorem we may choose the arbitrary phases in |a^′⟩, |a^′; a⟩ so that these two sets of kets are connected by a unitary operator.

The translations of the preparing and measuring apparatus in ordinary threedimensional space form a group parameterized by the vectors which specify the origin of the coordinate frame before and after displacement. A group element is written as G(a_1, a_2), and it satisfies the composition law

G(a_1, a_2)G(a_2, a_3) = G(a_1, a_3).

Because we assume the three dimensional space to be Euclidean, only the displacements are of significance, and G(a_1, a_2) can be written as G(a_1 − a_2). The group relations are then G(a)G(a^′) = G(a + a^′), G(a) = G^{−1}(−a).

The operations G(a) discussed up to now work on the apparatus and take place in ordinary 3-space. To each of these there must correspond a unitary operator in the Hilbert space which we call U(a). It is clear that the correspondence G ↔ U must preserve the group relations; thus, if U(a), U(a^′), correspond to the translations G(a), G(a^′), respectively, then the translation G(a)G(a^′) corresponds to U(a + a^′). Hence

U(a)U(a^′ ) = U(a + a^′), U(a)U(−a) = U(−a)U(a) = 1, or U(−a) = U^{−1}(a) = U^†(a).

Just as in the time displacement case we can consider infinitesimal transformations U(δa) = 1 + δU, and once more the group property and unitarity imply that δU = δa · F, where F is an anti-hermitian operator that does not depend on a. Thus we write

U(δa) = 1 − i δa · P. (8.1)

The hermitian operator P is called the total momentum of the system.

When we translate an object along the y-direction through a distance a_y and then along the x-direction through a_x, we arrive at the same resultant configuration as when we carry these displacements in the opposite order. Hence [G(a_x, 0, 0), G(0, a_y , 0)] = 0, and it then follows that the infinitesimal generators must also commute: [P_i, P_j ] = 0, i, j = x, y, z. (8.2) The group of spatial translations is then Abelian. As a consequence of of (8.2), we can integrate (8.1) to obtain the form of the unitary operator when the translation is finite:

U(a) = exp(−iP · a). (8.3)

The kets belonging to the translated observer are therefore given by |a^′; a⟩ = e^{−iP·a} |a^′⟩ . (8.4) If the compatible set A includes P, then (8.4) is merely a phase change and |a^′⟩ and |a^′; a⟩ belong to the same ray and represent the same physical state. To be precise, if both observers prepare states that belong to some particular eigenvalue P^′ of P, and some other set of eigenvalues, they are preparing identical states in the sense that one of the observers will not be able to distinguish his own state from that of his colleague. Thus, eigenstates of P are invariant under translations. In particular, if [H, P] = 0, there exist states that are simultaneously invariant under translations in space and time. In this situation, the Heisenberg picture momentum operator does not depend on time; in the Schrödinger picture, the expectation value of P in any state that satisfies the Schrödinger equation is conserved. This is the momentum conservation law.

Let the first observer measure the expectation value of an observable X in a state |a^′, a⟩ prepared by the displaced observer: ⟨a^′; a|X|a^′; a⟩ = ⟨a^′|e^{iP·a}Xe^{−iP·a}|a^′⟩. (8.5) If a is infinitesimal, (8.5) reads ⟨a^′; δa|X|a^′; δa⟩ = ⟨a^′|X + iδa · [P, X]|a^′⟩. (8.6) Thus if [P, X] = 0, the result of a measurement of the property X does not depend on the choice of origin of the coordinate frame; an observable is translation invariant if it commutes with P. (If X commutes with only one of the P_i, it is only invariant under translations along the corresponding axis.) It is clear that H must be translation invariant if P is to be a constant of motion.

We also note from (8.5) that the freedom of mathematical description that existed in the time displacement case exists here too. Thus the observer measuring properties of the displaced system can use his observable X and the displaced kets |a^′, a⟩, or he can use the undisplaced kets and the unitary transform e^{iP·a}Xe^{−iP·a} of the observable. In the case of infinitesimal transformation, (8.6) tells us that this new observable is X_{δa} = X + iδa · [P, X].

9. Rotations

Let R_1, R_2, . . . stand for an arbitrary proper rotations of a rigid coordinate frame in ordinary three-dimensional space. By “proper” we mean that the rotation does not include a reflection, i.e., that both the original and final frame are either right- or left-handed. The symbols R_i stand for any convenient set of three real and continuous parameters; the most popular are the Euler angles, and the orientation of an axis plus an angle of rotation about that axis. If two rotations are carried out in the sequence R_1 first and then R_2, we shall designate the resulting orientation as R_2R_1. Note here that R_2 is a rotation away from the orientation previously achieved in the first rotation; it is not a rotation referred to some fixed reference frame. The Euler angles that correspond to R_2R_1 are complicated functions of those which separately parameterize R_2 and R_1, but we shall not require this relation. If O stands for no rotation whatever, then the inverse rotation to R, designated by R^{−1}, is defined by RR^{−1} = R^{−1}R = O. The set of all proper rotations constitutes the rotation group.

We may think of the variously oriented coordinate systems as being attached to the measurement apparatus used in preparing states. The equivalence of the descriptions associated with these differently oriented frames implies that to each rotation R there corresponds a unitary operator on the Hilbert space D(R), with the properties

D(R_2)D(R_1) = D(R_2R_1), (9.1)

D(R) = D^†(R^{−1}). (9.2)

The set of objects {D(R)} constitutes a group of unitary operators. When D(R) is applied to a ket |a^′⟩, it produces a ket |a^′; R⟩ = D(R) |a^′⟩ whose properties are identical to |a^′⟩ as far as an observer using a frame rotated by R is concerned. Put more concisely, the configuration |a^′; R⟩ is obtained by rotating |a^′⟩ through R.

Let us begin by considering a subgroup, the rotations about an axis– say the z-axis. These rotations are parameterized by one angle α, and the unitary operators that perform the correspondings mappings on the Hilbert space are defined by

D_z(α_1)D_z (α_2) = D_z (α_1 + α_2), D_z(α) = D^†_z(−α). This subgroup is Abelian, and therefore has a very much simpler structure than the full group. In fact, the same argument as we used in the case of translations shows that D_z(α) = e^{−iαJz} , (9.3) where the hermitian operator J_z is called the z-component of the total angular momentum. The analogy with translations is not as strong as one might think, however, because α is a confined parameter: 0 ≤ α ≤ 2π, whereas the translations are unrestricted. A group with a confined range of parameters is called compact. The spectrum of the generators (e.g. J_z) of a compact group is discrete, while that of an open group is, at least in part, continuous.

Consider two successive rotations about different axes. It is clear that a rotation through α^′ about the y-axis is given by D_y(α^′) = e^{−iα} 0_{Jy} . Previously we knew from geometry that displacements along different axes commute, and therefore concluded that [P_x, P_y] = 0, etc. Let us apply a similar argument to rotations. As the physical object that we rotate we take a vector r, which can be thought of as specifying the position of a piece of measurement apparatus. We can describe the rotations conveniently by writing r as a column vector r = x y z .

We also introduce the 3 × 3 real antisymmetric matrices

I_x =

0 0 0 0 0 −1 0 1 0 , I_y = 0 0 1 0 0 0 −1 0 0 , I_z = 0 −1 0 1 0 0 0 0 0 .

One can easily verify that these matrices obey the commutation relations

[I_x, I_y] = I_z, (9.4)

and cyclic permutations. These matrices can be used to describe rotations about the indicated axis, and by using all three of them in the appropriate combination any proper rotation can be carried out. Thus if we rotate r through ϕ about the x axis,

r → r^′ = e^{ϕIx} r. (9.5)

The column vector on the RHS of (9.5) gives the components of the rotated vector with respect to the original coordinate system. For an infinitesimal rotation, (9.5) simplifies to

r → (1 + δϕI_x + · · ·)r = x y − zδϕ z + yδϕ + O[(δϕ)^2].

It should be noted that for positive ϕ the sense of the rotation is counter-clockwise convention.

An arbitrary rotation can be obtained by applying the orthogonal matrix

exp(ϕ_xI_x) exp(ϕ_yI_y) exp(ϕ_zI_z) (9.6)

to r, but the three angles introduced thereby do not constitute a convenient parameterization, and will rarely be used here. It is important to note that (9.6) is characterized by the fact that it leaves the quadratic form r · r invariant, and has determinant +1.

We shall now carry out two different sequences of rotations on the vector r. The first sequence consists of the rotation δϕ_x about the x-axis followed by a rotation δϕ_y about the original y-axis; it yields the vector

r^′ = (1 + δϕ_yI_y + · · ·)(1 + δϕ_xI_x + · · ·)r.

In the second sequence these rotations are performed in the opposite order, and we obtain instead r^{′′} = (1 + δϕ_xI_x + · · ·)(1 + δϕ_yI_y + · · ·)r, which does not equal r^′. In fact, because of (9.4),

r^{′′} − r^′ = [δϕ_xδϕ_y(I_xI_y − I_yI_x) + · · ·]r = δϕ_xδϕ_yI_zr + O(δϕ^3).

(9.7)

As mentioned above, to each rotation of the measurement apparatus (i.e., rotation of r) there corresponds, in a one-to-one fashion, a unitary mapping in the Hilbert space. Because we have already found that the unitary operators for rotations about a single axis are given by (9.3), we require the analog of (9.7) to be [e^{−iδϕxJx} , e^{−iδϕy Jy} ] = (e^{−iδϕx δϕy Jz} − 1) + O(δϕ^3). This condition determines the angular momentum commutation rules:

[J_x, J_y] = iJ_z, etc. (9.8)

This is then the algebra of the infinitesimal generators; it is obtained formally from the I’s by the substitution I_x → −iJ_x, but we should remember that the J’s work in Hilbert space, whereas the I’s work on objects in three dimensions. The argument leading to (9.8) also shows that the angular momentum commutation rules depend only on the properties of rotations, and not at all on the detailed structure of the dynamical system in question.

We shall now construct the general rotation operator D(R) parameterized with the Euler angles. These angles are defined by three successive rotations: (a) a rotation through α about the z-axis, to which there corresponds the unitary operator e^{−iαJz} ; (b) a rotation through β about the y^′-axis, generated by the unitary operator e^{−iβJy}0 ; (c) a rotation through γ about the ζ-axis, generated by e^{−iγJζ} .

All these rotations are counter-clockwise when one is looking “down” the rotation axis towards the origin. The ranges of the Euler angles are 0 ≤ α ≤ 2π, 0 ≤ β ≤ π, 0 ≤ γ ≤ 2π. Upon putting the three operators just introduced together we obtain the unitary operator for an arbitrary rotation, D(α, β, γ) = e^{−iγJζ} e^{−iβJy}0 e^{−iαJz} .

This expression is not convenient since it refers to several coordinate frames. We may easily ammend this if we notice that J_y0 is related to J_y by a unitary transformation. If we call {|a^′; α⟩} a complete set prepared in the coordinate system rotated through α about the z-axis, and {|a^′⟩} the corresponding set as prepared in the original frame, we have |a^′; α⟩ = e^{−iαJz} |a^′⟩, and ⟨a^′; α|J_y0|a^{′′}; α⟩ = ⟨a^′|J_y|a^{′′}⟩. Hence J_y0 = e^{−iαJz} J_ye^{iαJz} , and of course e^{−iβJy}0 = e^{−iαJz} e^{−iβJy} e^{iαJz} . Repeated application of this result yields J_ζ = e^{−iβJy}0 J_ze^{iβJy}0 = e^{−iαJz} e^{−iβJy} J_ze^{iβJy} e^{iαJz} . Upon putting all this together we find the important and simple result D(α, β, γ) = e^{−iαJz} e^{−iβJy} e^{−iγJz} . Again, letting R ≡ (α, β, γ) we therefore have |a^′; R⟩ = e^{−iαJz} e^{−iβJy} e^{−iγJz} |a^′⟩ . The noncommutative algebra of the generators means that the determination of the matrix elements of D is not a trivial task, as it was for the Abelian groups. There we found that in the representation which diagonalizes the generators (e.g., P), the unitary transformation reduces to a phase factor. Here no representation can diagonalize all the generators because of (9.8). If we choose a representation that diagonalizes J^2 and J_z, we can make progress, nevertheless. The reason for this is that J^2 is a scalar, and hence rotations of its eigenvectors do not change the eigenvalue of J^2. Let |jm⟩ be a simultaneous eigenket of J^2 and J_z. The other quantum numbers are now irrelevant; they belong to observables that commute with J and we suppress them. Because [D(R), J^2] = 0, the matrix of D in this representation is diagonal in j. We can therefore confine ourselves to the matrix elements D^{(j)}_{mm}0 (α, β, γ) ≡ ⟨jm|jm^′; R⟩ = ⟨jm|D(α, β, γ)|jm^′⟩ = e^{−iαm}d^{(j)}_{mm}0(β)e^{−iγm} 0 , where d_{mm}0 (β) = ⟨jm|e^{−iβJy} |jm^′⟩. The matrix D^{(j)} has dimension (2j + 1), and is called the (2j + 1)-dimensional irreducible representation of the rotation group. It is a representation because

D^{(j)}_{mm}0 (R_1R_2) = ∑ m00 D^{(j)}_{mm}00 (R_1)D^{(j)}_m00_m0 (R_2). (9.9)

This can be demonstrated immediately by taking the matrix elements of (9.1). Furthermore, the matrices associated with R and R^{−1} are related by

D^{(j)}_{mm}0 (R) = D^{(j)}_m0_m(R^{−1})^∗, (9.10)

as can be seen from (9.2). As an important case of (9.9) we may note ∑ m00 D^{(j)}_{mm}00 (R)D^{(j)}_m00_m0(R^{−1}) = δ_{mm}0 , (9.11)

since D^{(j)}_{mm}0 (O) = δ_{mm}0 ,

where O stands for no rotation whatsoever (the identity element in the language of group theory). Eq. (9.11) can be written in a somewhat more concrete fashion as ∑ m00 D^{(j)}_{mm}00 (α, β, γ)D^{(j)}_m00_m0(−γ, −β, −α) = δ_{mm}0 , (9.12) because D(α, β, γ) = D^{−1}(−γ, −β, −α). By combining (9.10) and (9.11) we also obtain the unitarity relations ∑ m00 D^{(j)}_{mm}00 (R)D^{(j)}_m0_m00(R)^∗ = ∑ m00 D^{(j)}_m00_m(R)^∗D^{(j)}_m00_m0(R) = δ_{mm}0 . (9.13)

10. Parity

Consider two observers with coordinate systems (x, y, z) and (ξ, η, ζ), where ξ = −x, η = −y and ζ = −z. The second frame is obtained from the first by an inversion through the origin. The matrix which performs the inversion of a vector, −1 0 0 0 −1 0 0 0 −1 , has determinant −1, whereas the rotations discussed earlier are generated by matrices with determinant 1. This is due to the fact that rotations can be obtained by a continuous transformation from unity, whereas the inversion cannot. (Note that the inversion through a plane, e.g., x → −x, y → y, z → z, is also a discrete transformation, whereas x → −x, y → −y, z → z, is not, as is of course clear since it is a rotation of π around the z-axis.)

Let R be the operator in Hilbert space that connects an arbitrary ket |a^′⟩ to its reflected counterpart |a^′; ref⟩: R |a^′⟩ = |a^′; ref⟩. Since R^2 must (to within a phase) equal one, we are now dealing with a group of two elements, and so we must first decide whether we are now to use a unitary or antiunitary operator R.

This question is answered once we set up mappings in the Hilbert space that R is supposed to perform. Let us consider a single spinless particle, and the position and momentum eigenstates |x^′⟩, |p^′⟩. In order to be consistent with our definitions of the observables x and p, we must have R |x^′⟩ = |−x^′⟩ , R |p^′⟩ = |−p^′⟩ . (10.1) In writing (10.1) we have adopted a convenient phase convention. Let us now apply (10.1) to (x − x^′) |x^′⟩ = 0: (RxR^{−1})R |x^′⟩ = x^′ |−x^′⟩ = −x |−x^′⟩. Hence

RxR^{−1} = −x, (10.2)

and the identical argument shows that

RpR^{−1} = −p. (10.3)

Vectors that change sign under reflection are called polar vectors. From (10.2) and (10.3), on the other hand, the transformation law for orbital angular momentum is

R(x × p)R^{−1} = x × p. (10.4)

A vector that is invariant under reflection is called an axial or pseudo-vector.

To answer the question of whether R is unitary or not, we must bring in a further physical requirement. For example, we may use the geometric observation that a spatial transformation through a followed by a reflection is the same as a reflection followed by a translation by −a: Re^{ia·P} = e^{−ia·P}R, (10.5) where P is the total momentum operator, which of course satisfies

R P R^{−1} = −P. (10.6)

We note that (10.5) and (10.6) are consistent if R is unitary, whereas if R were antiunitary, we would have Re^{ia·P}R^{−1} = e^{−ia·(RPR} �1_) , which is inconsistent. Hence R is a unitary operator.

Let us choose the phases such that R^2 = 1. The eigenvalues R^′ of R are therefore R^′ = ±1. These eigenvalues are called the parity. If the Hamiltonian is parity invariant, RHR^{−1} = H, or [R, H] = 0. R is then a constant of motion, and the parity R^′ may be chosen as a member of the complete set of quantum numbers.

The behavior of the one-particle orbital angular momentum eigenstates under parity is of considerable importance in many applications. In view of (10.1) we have ⟨x^′|R|lm⟩ = ⟨−x^′|lm⟩ = Y_{lm}(−x^′). But Y_{lm}(π − θ, ϕ + π) = (−1)^l⟨x^′|lm⟩, and therefore ⟨x^′|lm; ref⟩ = (−1)^l⟨x^′|lm⟩. The parity of a one-particle orbital angular momentum eigenstate is therefore (−1)^l.

In this discussion we have passed over the question of intrinsic parity. The existence of this notion can be recognized, for example, in the two nucleon system. The deuteron is a^3S-state, and therefore has the parity +1 in its center-of-mass system, if we define the parity of the neutron and proton as +1 in their respective center-of-mass frames. One could imagine, however, that the deuteron is in the state^3P_1, in which case the c.o.m (or intrinsic) parity would be −1. If the deuteron is treated as an elementary particle and placed into a state of orbital angular momentum l, the parity of the state would be ±(−1)^l, depending on the internal structure of the deuteron. These two possibilities also exist for spinless particles as one realizes by constructing the n − p states^1S and^3P_0. The formulas should therefore contain a further factor ±1 to account for the intrinsic parity of the particle in question. The intrinsic parity of other “elementary” particles, such as the pion, is no longer arbitrary once an intrinsic parity has been assigned to the nucleons, and must be determined by experiment.

We may now draw some important conclusions concerning the matrix elements of operators between states of definite parity. Let E (O) be an even (odd) observable under reflection, i.e., RER^{−1} = E, ROR^{−1} = −O. Then ⟨R^′|E|R^{′′} ⟩ = ⟨R^′|R^{−1}(RER^{−1})R|R^{′′} ⟩ = R^′R^{′′}⟨R^′|E|R^{′′}⟩, and similarly ⟨R^′|O|R^{′′}⟩ = ⟨R^′|R^{−1}(ROR^{−1})R|R^{′′}⟩ = −R^′R^{′′}⟨R^′|O|R^{′′}⟩. Hence an observable even under reflections only has nonzero matrix elements between states of the same parity while an odd observable has nonvanishing matrix elements between states of opposite parity.

The detailed properties of the reflection operator depend on the system to which it pertains. We shall illustrate this by constructing R in the spin space of a single spin 1/2 particle. Note that the spin is an axial vector, RσR^{−1} = σ. The only 2 × 2 matrix that commutes with all three Pauli matrices is a multiple of the unit matrix. Hence we may choose the phases so that R = 1. A reflection in a plane is a more interesting operation. The reflection in the x − y plane produces the following transformations of the orbital angular momentum: R_{xy}L_xR^{−1}_{xy} = − L_x, R_{xy}L_yR^{−1}_{xy} = − L_y, R_{xy}L_zR^{−1}_{xy} = + L_z, where R_{xy} is the unitary operator associated with this reflection. These relations must hold for any angular momentum operator. In the spin space we therefore require an operator that anti-commutes with σ_x and σ_y , and commutes with σ_z. These requirements are fulfilled by R_{xy} = ζ_zσ_z , (10.7) where ζ_z is a number of modulus 1. Let us briefly verify that (10.7) is consistent with some other facts at our disposal. The reflection through the origin R is related to reflections in the plane through R = R_{xy}R_{yz}R_{zx}. From (10.7) and σ_xσ_yσ_z = i we obtain R = −ζ_xζ_yζ_z. The sequence of reflections R_{yz} R_{zx} is equivalent to a rotation through π around the z axis, which corresponds to the operator exp(−iπσ_z /2) = −iσ_z, whereas R_{yz}R_{zx} = −ζ_yζ_xσ_z. A consistent set of definitions for these operators can therefore be attained by setting ζ_x = ζ_y = ζ_z = i.

10.1. Space inversion is not a symmetry of Nature

A giant step in the understanding of weak interactions came in 1956 when T.D. Lee and C.N. Yang pointed out that there was no evidence in favor of parity conservation in weak interactions. The precipitating issue was the τ − θ puzzle. The τ was the 3π decay of the K^+. The analysis begun by Dalitz had shown that the 3π system had J^P = 0^−, 2^−, . . .. On the other hand, the θ^+ decayed into π^0π^+ and had J^P = 0^+, 1^−, . . .. Measurements showed that the masses and lifetimes of the θ and τ were very similar, perhaps equal. The θ and the τ seemed to be the same particle, except that they had different values of J^P . Despite the overwhelming prejudice that parity must be a good symmetry because it was a symmetry of space itself just as rotational invariance is, Lee and Yang demonstrated that there was no evidence for or against parity conservation in weak interactions. To test for a possible violation of parity it was necessary to observe a dependence of a decay rate (or cross section) on a term that changed sign under parity operation. In nuclear decay, the momenta available are p_e, p_ν and p_N . The invariant p_e ·p_ν ×p_N would change sign under parity, but vanishes because the momenta are coplanar. To test for parity in nuclear beta decay required consideration of spin. If the decaying nucleus were oriented, it would be possible to measure the angular dependence of the decay, looking for a term proportional to ⟨J⟩ · p_e. This was achieved by C.S. Wu in collaboration with E. Ambler and co-workers (C.S. Wu et al., Phys. Rev. 105 (1957) 1413).

Wu and her coworkers chose to work with Co^{60}, whose ground state has J^P = 5^+. It beta-decays through a Gamow-Teller transition with a half-life of 5.2 y, yielding Ni^{60} in the 4^+ state. The excited Ni state decays through two successive γ emissions to 2^+ and then 0^+, with γ energies 1.173 and 1.332 MeV, respectively. Nuclear polarization was produced through adiabatic demagnetization. The degree of polarization of the Co sample was monitored by observing the anisotropy of the gamma radiation. The polarization of the Co^{60} was transmitted to the Ni^{60}, giving a difference between the rates for gamma emission in the polar and equatorial directions, relative to the axis of the applied magnatic field.

The beta-decay rate along the direction of the magnaric field, that is, along the nuclear polarization direction was monitored. Reversing the magnatic field reversed the direction of ⟨J⟩. The counting rate indeed showed a dependence on ⟨J⟩ · p_e. Not only was the rate different for the two magnetic field orientations, but as the sample warmed, the dependence of the rate on the field orientation disappeared at the same speed as the polarization itself disappeared, showing the connection of the decay angular distribution was with the nuclear orientation, not simply with the applied magnetic field.

Word of this tour de force spread rapidly and new experiments were undertaken before the results of Wu’s team appeared in print. Indeed, two further experiments appeared in rapid succession showing parity violation in the sequence π^+ → μ^+ → e^+. Rather than beginning with a polarized beam, these experiments exploited the prediction of Lee and Yang that parity violation would lead to polarization of the μ along its line of flight in the π → μν decay. The polarization of the μ is retained when it slows down in matter. A distribution of decay electrons relative to the incident beam direction of the form 1 + a cos θ is then expected, where a depends on the degree of polarization of the μ. Garwin, Lederman and Weinrich (R.L. Garwin et al., Phys. Rev. 105 (1957) 1415) applied a magnetic field to the region where the muons stopped. This caused the spin of the muon to precess. In this elegant fashion, they demonstrated parity violation, measured its strength and simultaneously measured the magnetic moment of the μ^+ by measuring the rate of precession. At the same time, Friedman and Telegdi (J.I. Friedman and V.L. Telegdi, Phys. Rev. 105 (1957) 1681) also found parity violation by observing the same decay sequence, but working in emulsions and without a magnetic field. The emulsion experiment was started before the others, but took longer to complete because of the laborious scanning procedure.

11. Time Reversal

Consider a classical particle subjected to some (unknown) static forces. Let r(t_0) and v(t_0) be the position and velocity of the particle at t = t_0, and allow it to proceed undisturbed for a time t_1 when its position and velocity have become r(t_0 + t_1), v(t_0 + t_1). Now (i.e., at t = t_0 + t_1) start another identical particle off at r(t_0 + t_1) ≡ r^′ with velocity −v(t_0 + t_1) ≡ v^′. Then at later time t_0 + 2t_1, we will either find that the new position and velocity equal r(t_0) and −v(t_0), or we will not. In the first case, we say that the basic laws (equation of motion) are invariant under time reversal; this is clearly the case for motion in a force field derivable from a potential. If, on the other hand, we consider the motion of a charged particle in a prescribed magnetic field, there is no symmetry of this kind.

To summarize, the classical equations of motion are said to be invariant under time reversal if one can separate the manifold of all motions into two subsets between which there is one-to-one correspondence that is affected by changing the signs of all momenta at some instant. Let q_I (t) and p_I (t) be the canonical variables of the motion belonging to subset I, and q_{II}(t) and p_{II}(t) the variables of subset II. The one-to-one coprrespondence just referred to is then q_I (t_0 + t) = q_{II} (t_0 − t), p_I (t_0 + t) = − p_{II} (t_0 − t).

(11.1)

In the case of a motion in a magnetic field, the correspondence (11.1) does not exist. Instead one has q_I (H, t_0 + t) = q_{II}(−H, t_0 − t), p_I (H, t_0 + t) = − p_{II}(−H, t_0 − t). (11.2)

Let |ψ⟩ be a physical state, and |ψ^′⟩ the motion-reversed state, both at t = 0, say. For example, if |ψ⟩ is the momentum eigenstate of a single particle |p^′⟩, then |ψ^′⟩ = |−p^′⟩. Here it is important to notice that we have not assumed any invariance because at any instant we can always set up this correspondence. Define the operator Θ by Θ |ψ⟩ = |ψ^′⟩. (In the one-particle state, it is easiest to define it in the p-basis.) Clearly Θ^2 = 1 (to within a phase) and Θ can therefore be unitary or antiunitary. Consider the p-basis. We have p |−p^′⟩ = −p^′ |−p^′⟩; applying Θ to this equation gives

ΘpΘ^{−1}Θ |−p^′⟩ = −p^′Θ |−p^′⟩ , or ΘpΘ^{−1} = −p.

Hence, at least for a free particle with Hamiltonian H = p^2/2m, ΘH = HΘ, which is hardly surprising.

Now comes the crucial point: we demand that the correspondence between motion reversed states be maintained for all t. (This will of course lead to a condition on H among other things.) We formulate this requirement in complete analogy to (11.1). Equation (11.1) asserts that the configuration attained by permitting the system to evolve for a time t and then reversing all momenta is indistinguishable from the configuration obtained by reversing the momenta at t_0 and evolving “backwards” for a period t. The analogous condition in quantum mechanics is Θe^{−iHt} |ψ⟩ = e^{iHt}Θ |ψ⟩ , where t_0 was put to zero. There are again two choices:

Θ is unitary, {Θ, H} = 0, Θ is antiunitary, [Θ, H] = 0.

The example of the free particle is already enough to show that Θ must be antiunitary. This important fact was discovered by Wigner in 1931.

Let us now consider the other observables. We certainly want Θ to leave space coordinates unchanged:

ΘxΘ^{−1} = x. (11.3)

It then follows that Θ anticommutes with x × p, and we are therefore justified in requiring

ΘJΘ^{−1} = −J (11.4)

for any angular momentum operator.

If we demand invariance under t-reversal, we can discard certain kinds of Hamiltonians. For example, in the case of one particle, H cannot contain the term x · σ. Of course x · σ could have been discarded by the requirement of parity invariance. Quite generally, the Hamiltonian of spin 1/2 particle in a central field cannot be a true scalar and odd under time reversal. There is such a term, however, in the interaction of two spin 1/2 particles, namely H^′ = C(σ_1 × σ_2) · L_{rel},

where L_{rel} is the relative angular momentum. Clearly RH^′R^{−1} = H^′, ΘH^′Θ^{−1} = −H^′. Experiments that look for such a term in nucleon-nucleon scattering have been done, but no signal was found so far.

11.1. Spin 0 particles

Because of (11.3), the coordinate eigenstates are unaffected by Θ. If |ψ^′⟩ is the timereversed state of a single spin 0 particle, its wave function is therefore given by ψ^′(x) ≡ ⟨x|ψ^′⟩ = ⟨ψ|x⟩, where the last equation follows from the antiunitarity of Θ. Hence

ψ^′(x) = ψ^∗(x).

This conclusion can be drawn directly from the Schrödinger equation when the Hamiltonian is real. By taking the complex conjugate of (i∂_t − H)ψ(x, t) = 0 we obtain

(i∂_t + H)ψ^∗(x, t) = 0.

Therefore ψ(x, t) and ψ^∗(x, −t) satisfy the same equation. From this argument we also conclude that in the x-basis the time reversal operator Θ is simply a complex conjugation operator K.

The significance of time reversal is best appreciated when one also considers the initial condition, and not only the evolution of the system in t. The scattering problem is ideally suited for this. Consider a particle of momentum p incident on the potential V . The state vector that satisfies outgoing-wave boundary conditions is | p^{(+)} ⟩ : | |p^{(+)} ⟩ = |p⟩ + 1 E − H_0 + iϵ V | |p^{(+)} ⟩ . We now assume that ΘV Θ^{−1} = V , and investigate the time reversed situation, Θ | p^{(+)} ⟩ . Because H_0 commutes with Θ, Θ | |p^{(+)} ⟩ = |−p⟩ + 1 E − H_0 − iϵ V Θ | |p^{(+)} ⟩ . (11.5) Two things have happened: the “incident” state has momentum −p, and the Green’s operator is (E − H_0 − iϵ)^{−1}, and represents incoming spherical waves, because ⟨x | | 1 E − H_0 − iϵ | | x^′⟩ = − 2m 4π e^{−ip|x−x} 0_| |x − x^′| in contrast to ⟨x | | 1 E − H_0 + iϵ | | x^′⟩ = − 2m 4π e^{ip|x−x} 0_| |x − x^′| . All this is just as it should be. The state | p^{(+)} ⟩ is a stationary-state idealization of the situation actually attained in the laboratory when we send in a beam with momentum p and eventually observe it scattered outwards from the target. The motion reversed situation is of course impossible to achieve in practice. Here we start with a spherical wave converging to the target, which, by an incredible feat of coherence, then combines to form a collimated beam of momentum −p subsequent to the collision. Eq. (11.5) shows that Θ | p^{(+)} ⟩ describes precisely this situation.

A more trivial example is a particle in an angular momentum eigenstate, wherein its wave function contains the factor Y_{lm}(θ, ϕ). The time reversed state is Y^∗_{lm}(θ, ϕ) = (−1)^mY_{l,−m}(θ, ϕ). In the time reversed situation the particle travels about in an opposite direction and therefore has its component of angular momentum about any axis reversed.

Another simple but important consequence of time reversal is the following. If ψ_X (x) is an energy eigenfunction, and ΘHΘ^{−1} = H, then ψ^∗_E (x) is also an eigenfunction of energy E. There are then two possibilities: Either the level is degenerate and ψ^∗_E (x) and ψ_E (x) are really different (i.e. belong to different rays), or there is no degeneracy and ψ_E ∝ ψ^∗_E . Hence for a time reversal invariant H the nondegenerate eigenfunctions can always be chosen to be real.

11.2. Spin 1/2 particles

We begin with a single spin 1/2 particle. The p-space and x-space kets will be written as |p m_s⟩ and |x m_s⟩, respectively, where m_s = ±1/2. As the spin is an angular momentum we tentatively set Θ |p m_s⟩ = |−p − m_s⟩ , (11.6) Θ |x m_s⟩ = |x − m_s⟩ . (11.7) Let us work in the |x m_s⟩ basis. We write Θ in the form Θ = UK (11.8) (where K means that one takes the complex conjugates of all the expansion coefficients of arbitrary kets) and seek U. For the position kets, U = 1, and we need only determine U in the spin-space. According to (11.4) we require UKσKU^† = −σ = Uσ^∗U^†. In the Pauli representation of spin, σ^∗_x = σ_x, σ^∗_y = −σ_y, σ^∗_z = σ_z , and therefore we need Uσ_xU^† = −σ_x, Uσ_y U^† = σ_y , Uσ_zU^† = −σ_z, which is satisfied by U = e^{iδ}σ_y . (11.9) Note that (11.9) represents a rotation of π about the y-axis, which certainly will make a state running clockwise about the z-axis run counter-clockwise. We also note from the form of the Pauli matrices that Θ |1/2⟩ = −ie^{iδ} |−1/2⟩ , Θ |−1/2⟩ = ie^{iδ} |1/2⟩ , and therefore no choice of δ will satisfy (11.7) with the phase +1 throughout. This is because we have held to our convention that J_± |jm⟩ = √ j(j + 1) − m(m ± 1) |jm ± 1⟩. The phases in these relations are also at our disposal and could have been chosen in accordance with (11.7). In the same way the Y_{lm}’s could be redefined so that Y^∗_{lm} = Y_{l,−m}.

For some purposes the phases that simplify t-reversal considerations are convenient, but we shall not bother to go into this because our present convention is perfectly consistent and actually easier to remember for most purposes. With our phase conventions the correct relations are not (11.6) and (11.7), but

Θ |p m_s⟩ = e^{iδ} (−i)^{2ms} |−p − m_s⟩ , (11.10)

Θ |x m_s⟩ = e^{iδ}(−i)^{2ms} |x − m_s⟩ . (11.11) The operator for a single spin 1/2 particle is then

Θ = e^{iδ}σ_y K. (11.12)

The square of this operator turns out to have considerable significance. Its evaluation proceeds as follows: Θ^2 = e^{iδ}σ_ye^{−iδ}σ^∗_y K^2 = −σ^2_y = −1. This result does not depend on the phase conventions, nor on the representation. Thus

Θ^2 = { +1 for a spin-zero particle, −1 for a spin-1/2 particle. (11.13) For a system of N spin 1/2 particles we clearly have

Θ = Π^N_{i=1}σ^{(i)}_y K

(aside from an arbitrary phase), where σ^{(i)}_y is the ith particle’s spin operator. Hence for N spin 1/2 particles Θ^2 = (−1)^N .

Let {|E, N⟩} be the energy eigenstates of a system of N spin 1/2 particles. If the Hamiltonian of this system is invariant under time reversal, Θ |E, N⟩ is also a stationary state of energy E. We may then ask whether this is a new state, i.e., one that is linearly independent of |E, N⟩, or simply |E, N⟩ apart from a possible phase. If Θ^2 = 1 one cannot answer this question in general, i.e., the level E may or may not be degenerate. If Θ^2 = −1, however (N odd), it is clear that Θ |E, N⟩ cannot be the same state (i.e., belong to the same ray |E, N⟩) because Θ |E⟩ = C |E⟩ implies Θ^2 |E⟩ = |C|^2 |E⟩ = − |E⟩ which is inconsistent. (This argument also shows that one cannot associate an eigenvalue with the operator Θ in general.) Hence if N is odd, Θ |E, N⟩ and |E, N⟩ are linearly independent, and therefore all levels are at least doubly degenerate. In fact, a bit of thought shows that the order of the degeneracy must be even. This type of degeneracy is called Kramers degeneracy and is a useful tool for treating complicated problems with few obvious symmetries such as occur in molecular and solid state physics.

12. Lorentz Transformations 12.1. The Lorentz Group

The postulates of Special Relativity tell us that the speed of light is the same in all inertial frames. This means that if x_i is the position of a light signal at time t in one frame, and the same light ray is found at x^′_i at time t^′ in another frame, we must have s^2 ≡ c^2t^2 − x_ix_i = c^2t^{′2} − x^′_ix^′_i. (12.1) The set of linear transformations which relate (x^′_i, t^′) to (x_i, t) while preserving the above expressions form a group called the Lorentz group. Choose units such that c = 1, and introduce the notation x^μ, μ = 0, 1, 2, 3 with x^0 = t, (x^1, x^2, x^3) = (x^i) = ⃗x, i.e.

x^μ = (x^0, x^i) = (t, ⃗x), i = 1, 2, 3.

In this compact notation, s^2 can be written as s^2 = x^0x^0 − x^ix^i ≡ x^μx^ν g_{μν} , (12.2) where the metric g_{μν} = g_{νμ} is zero except for μ = ν where g_{00} = −g_{11} = −g_{22} = −g_{33} = 1. Repeated indices are summed except when otherwise indicated. Then eq. (12.1) becomes g_{μν} x^μx^ν = g_{μν} x^{′μ}x^{′ν} . (12.3) Now look for a set of linear transformations x^{′μ} = Λ^μ_ν x^ν = Λ^μ_0x^0 + Λ^μ_ix^i, (12.4) which preserves s^2. The Λ^μ_ν must therefore satisfy g_{μν} x^{′μ}x^{′ν} = g_{μν} Λ^μ_ρΛ^ν_σx^ρx^σ = g_{ρσ}x^ρx^σ. (12.5) As (12.5) must hold for any x^μ, we conclude that g_{ρσ} = g_{μν} Λ^μ_ρΛ^ν_σ. (12.6)

It is more convenient for certain purposes to use a matrix notation: regard x^μ as a column vector x and g_{μν} as a matrix g. Then

s^2 = x^T gx, (12.7) and x^′ = Lx, (12.8)

where L is the matrix equivalent of the Λ^μ_ν coefficients, and T means the transpose. The L’s must obey g = L^T gL, (12.9)

to be Lorentz transformations (LT). Examine the consequences of eq. (12.9). First take its determinant det g = det L^T det g det L, (12.10)

from which we deduce that det L = ±1. (12.11)

The case det L = +1(−1) corresponds to proper (improper) LT’s. As an example, the LT given numerically by L = g is an improper one; physically it corresponds to x^0 → x^0, x^i → −x^i, i.e. space inversion. Second, take the 00 entry of eq. (12.6):

1 = Λ^ρ_0g_{ρσ}Λ^σ_0 = (Λ^0_0)^2 − (Λ^i_0)^2, (12.12)

which shows that |Λ^0_0| ≥ 1. (12.13)

When Λ^0_0 ≥ 1, the LT’s are said to be orthochronous, while Λ^0_0 ≤ −1 gives nonorthochronous LT’s. It follows then that LT’s can be put in four categories: 1) proper orthochronous (L^↑_+): det L = +1, Λ^0_0 ≥ +1. 2) proper non-orthochronous (L^↓_+): det L = +1, Λ^0_0 ≤ −1. 3) improper orthochronous (L^↑_−): det L = −1, Λ^0_0 ≥ +1. 4) improper non-orthochronous (L^↓_−): det L = −1, Λ^0_0 ≤ −1.

Let us give a few examples:

a) Rotations: x^{′0} = x^0, x^{′i} = a^{ij} x^j with a^{ij} an orthogonal matrix. Then we can write L in the block form L = ( 1 0 0 a ) , (12.14) so that det L = det a. We can have det a = ±1, corresponding to proper and improper rotations, with L belonging to L^↑_+ and L^↑_−, respectively.

b) Boosts: the transformations

x^{′0} =x^0 cosh η − x^1 sinh η, x^{′1} = − x^0 sinh η + x^1 cosh η, x^{′2,3} =x^{2,3},

(12.15)

describe a boost in the 1-direction. Then, in a 2 × 2 block form

L = cosh η − sinh η 0 0 − sinh η cosh η 0 0

0 0 1 0 0 0 0 1 , (12.16)

det L = cosh^2 η − sinh^2 η = 1, (12.17)

Λ^0_0 = cosh η ≥ 1. (12.18)

This transformation therefore belongs to L^↑_+. Note that the identifications

cosh η = (1 − v^2)^{−1/2}, sinh η = v(1 − v^2)^{−1/2}, (12.19)

where v is the velocity of the boosted frame leads to the more familiar form.

c) Time inversion: defined by x^{′0} = −x^0, x^{′i} = x^i. It has det L = −1, Λ^0_0 = −1, and therefore belongs to L^↓_−.

d) Full inversion: defined by x^{′μ} = −x^μ. It has det L = +1, Λ^0_0 = −1, and belongs to L^↓_+. Full inversion can be obtained as the product of a space and a time inversion.

Any LT can be decomposed as the product of transformations of these four types. Thus, it suffices to concentrate on rotations and boosts. Since there are three rotations and three boosts, one for each space direction, the LT are described in terms of six parameters. We now proceed to build the six corresponding generators. Consider an infinitesimal LT

Λ^μ_ν = δ^μ_ν + ω^μ_ν , (12.20)

where δ^μ_ν is the Kronecker delta which vanishes when μ ≠ ν and equals +1 otherwise, Evaluation of (12.6) yields to O(ω)

0 = g_{νρ}ω^ρ_μ + g_{μρ}ω^ρ_ν . (12.21)

We use the metric g_{μν} to lower indices, for example x_μ ≡ g_{μν} x^ν = (x^0, −⃗x). Eq. (12.21) becomes 0 = ω_{νμ} + ω_{μν} , (12.22) that is, ω_{μν} is an antisymmetric tensor with (as advertised)^{4·3}_2 = 6 independent entries. Introduce the hermitian generators L_{μν} ≡ i(x_μ∂_ν − x_ν ∂_μ), (12.23) where ∂_μ ≡^∂_{∂xμ} . In terms of these we can write δx^μ = i 2 ω^{ρσ}L_{ρσ}x^μ = ω^{μρ}x_ρ. (12.24) It is easy to see that the L_{μν} ’s satisfy a Lie algebra [L_{μν} , L_{ρσ}] = ig_{νρ}L_{μσ} − ig_{μρ}L_{νσ} − ig_{νσ}L_{μρ} + ig_{μσ}L_{νρ}, (12.25) to be identified with the Lie algebra of SO(3, 1). The most general representation of the generators of SO(3, 1) that obeys the commutation relations (12.25) is given by M_{μν} ≡ i(x_μ∂_ν − x_ν ∂_μ) + S_{μν} , (12.26) where the hermitian S_{μν} satisfy the same Lie algebra as the L_{μν} and commute with them. The hermitian generators M_{ij} for i, j = 1, 2, 3 form an algebra among themselves [M_{ij} , M_{kl}] = −iδ_{jk}M_{il} + iδ_{ik}M_{jl} + iδ_{jl}M_{ik} − iδ_{il}M_{jk}, (12.27) which is that of the rotation group SU(2). A more familiar expression can be obtained by introducing the new operators J_i ≡ 1 2 ϵ_{ijk} M_{jk}. (12.28) Then we find [J_i, J_j ] = iϵ_{ijk} J_k. (12.29) Define the boost generators K_i ≡ M_{0i}. (12.30)

It follows from the Lie algebra that [K_i, K_j ] = − iϵ_{ijk}J_k, [J_i, K_j ] =iϵ_{ijk}K_k. (12.31)

Here, both K_i and J_i are hermitian generators. The K_i are non-compact generators. We can disentangle these commutation relations by introducing the new linear combinations N_i ≡ 1 2 (J_i + iK_i). (12.32)

Although not hermitian, N_i ≠ N^†_i , they have the virtue of yielding simple commutation relations: [N_i, N^†_j ] =0, [N_i, N_j ] =iϵ_{ijk} N_k, [N^†_i , N^†_j ] =iϵ_{ijk} N^†_k .

(12.33)

This means that the N_i and the N^†_i independently obey the Lie algebra of SU(2). We can further appeal to its well known representation theory. In particular, we have two Casimir operators (operators that commute with all the generators):

N_iN_i with eigenvalues n(n + 1), N^†_i N^†_i with eigenvalues m(m + 1),

(12.34)

where m, n = 0, 1/2, 1, 3/2, . . .. The representations are then labelled by the pair (n, m) while the states within a representation are further distinguished by the eigenvalues of N_3 and N^†_3 . Observe that the two SU(2)’s are not independent as they can be interchanged by the operation of parity, P , J_i → J_i, K_i → −K_i, and the operation of hermitian conjugation which changes the sign of i and therefore switches N_i to N^†_i . In general, representations of the Lorentz group are neither parity nor (hermitian) conjugation eigenstates. Since J_i = N_i + N^†_i , we can identify the spin of the representation with m + n. As an example, consider the following representations: a) (0, 0) with spin zero is the scalar representation, and it has a well defined parity (can appear as scalar or pseudoscalar);

b) (1/2, 0) has spin^1_2 and represents a left-handed spinor (the handedness is a convention);

c) (0, 1/2) describes a right-handed spinor.

These spinors have two components (“spin up” and “spin down”); they are called Weyl spinors. When parity is relevant, one considers the linear combination (0, 1/2) ⊕ (1/2, 0), which yields a Dirac spinor.

Given the spinor representations, we can generate any other representation by multiplying them together. For example, d) (1/2, 0) ⊗ (0, 1/2) = (1/2, 1/2) gives a spin 1 representation with four components. In tensor notation it is written as a 4-vector.

e) (1/2, 0) ⊗ (1/2, 0) = (0, 0) ⊕ (1, 0). Here the scalar representation is given by the antusymmetric product. The new representation (1,0) is represented by an antisymmetric, self-dual second rank tensor, i.e., a tensor B_{μν} which obeys B_{μν} = −B_{νμ}, B_{μν} = 1 2 ϵ_{μν}^{ρσ}B_{ρσ}. (12.35) The (0,1) representation corresponds to a tensor that is antiself-dual, B_{μν} = − 1 2 ϵ_{μν}^{ρσ}B_{ρσ}. (12.36) For example, Maxwell’s field strength tensor F_{μν} transforms under the Lorentz group as (0, 1) ⊕ (1, 0).

12.2. The Poincaré Group

Another fundamental principle is the invariance of the behavior of an isolated system under uniform translation in space and time. Such a transformation is given by

x^μ → x^{′μ} = x^μ + a^μ, (12.37)

where a^μ is an arbitrary constant four-vector. Hence the general invariance group is a ten-parameter group called the Poincaré group, under which

x^μ → x^{′μ} = Λ^μ_νx^ν + a^μ. (12.38)

The translations (12.37) do not commute with the LT’s. Indeed consider two successive PG transformations with parameters (Λ_1, a_1), (Λ_2, a_2),

x^μ → Λ^μ_{1ν} x^ν + a^μ_1 → Λ^μ_{2ρ}Λ^ρ_{1ν}x^ν + Λ^μ_{2ρ}a^ρ_1 + a^μ_2 , (12.39) and we see that the translation parameters get rotated. Nothing surprising here since this is what four-vectors do for living! Such a coupling of the translation and Lorentz group is called a semi-direct product. Still, the PG transformations form a group. In order to obtain the algebra of the generators, observe that we can write the change in x under a small translation as δx^μ = iϵ^ρP_ρx^μ = ϵ^μ, (12.40)

where ϵ^μ are the small parameters and

P_ρ = −i∂_ρ (12.41)

are the hermitian generators of the transformation. They clearly commute with one another, [P_μ, P_ν ] = 0, (12.42)

but not with the Lorentz generators: [M_{μν} , P_ρ] = −ig_{μρ}P_ν + ig_{νρ}P_μ. (12.43) The commutation relations (12.42) and (12.43) and those among the M_{μν} define the Lie algebra of the Poincaré group. The ‘length’ P_μP^μ of the vector P_ρ is obviously invariant under LT’s and in view of (12.42) is therefore a Casimir operator. The other Casimir operator is not so obvious to construct. It is the length of the Pauli-Lubanski four vector defined by W^μ = 1 2 ϵ^{μνρσ}P_ν M_{ρσ}. (12.44) Use of (12.42) and (12.43) gives [W^μ, P^ρ] = 0, (12.45) [M_{μν} , W_ρ] = −ig_{μρ}W_ν + ig_{νρ}W_μ. (12.46) Its length W^μW_μ is therefore a Casimir invariant. The most general representation of the Poincaré group generators is P_ρ = − i∂_ρ, M_{μν} =i(x_μ∂_ν − x_ν ∂_μ) + S_{μν}, (12.47)

so that W^μ = − i 2 ϵ^{μνρσ}S_{ρσ}∂_ν . (12.48)

The representations of the PG fall then into three classes:

(1) The eigenvalue of P_ρP^ρ ≡ m^2 is a real positive number. Then the eigenvalue of W_ρW^ρ is −m^2s(s + 1), where s is the spin, which assumes discrete values s = 0, 1/2, 1, . . .. This representation is labelled by the mass m and the spin s. States within the representation are distinguished by the third component of the spin s_3 = −s, −s + 1, . . . , s − 1, s, and the continuous eigenvalues of P_i. Physically a state corresponds to a particle of mass m, spin s, 3-momentum P_i and spin projection s_3. Massive particles of spin s have 2s + 1 degrees of freedom.

(2) The eigenvalue of P_ρP^ρ is equal to zero, corresponding to a particle of rest nass zero. W_ρW^ρ is also zero. Since P^ρW_ρ = 0, it follows that W_μ and P_μ are proportional. The constant of proportionality is called the helicity, and is equal to ±s, where s = 0, 1/2, 1, . . . is the spin of the representation. Thus massless particles of spin s ≠ 0 have two degrees of freedom. They are further distinguished by the three values of their momenta along the x, y and z directions. Examples of particles falling in the category are the photon with spin 1 and two helicity states ±1, the graviton with two states of polarization ±2, and – as far as we know – the neutrinos, each with helicity ±1/2.

(3) P^ρP_ρ = 0, but the spin is continuous. The length of W is minus the square of a positive number. This type of representation describes a particle of zero rest mass with an infinite number of polarization states labelled by a continuous parameter. These do not seem to be realized in nature.

There are other representations of the Poincaré group; however they are not unitary. QM allows for the identification of only the unitary representations with particle states. The Wigner representations are infinite dimensional, corresponding to particles of unbounded momenta. The introduction of field theory will enable us to make use of these representations.