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Abstract
This brief summary of the quantum theory of angular momentum is intended as a heuristic,
reasonably self-contained presentation of useful results. It has no pretensions to rigour and certainly
does not presume to supplant the existing detailed texts on the subject, which should be consulted
for a more thorough treatment of the topics touched on below. A brief bibliography is given at the
end. In addition, most texts on quantum mechanics have at least some dicussion of the quantum

mechanics of angular momentum, some of them quite extensive.



I. BASIC DEFINITIONS

In classical mechanics, the angular momentum of a point object is defined as the vector
product of its position and momentum vectors, L =7x p. In quantum mechanics, where 7
and p are operators, one for each component of each vector, this same definition produces
a set of three operators, L,, L, and L,. From the standard commutation relation [rq, pg] =
thdap3, where the subscripts a and [ denote the indices = , y or z and d,4 is the Kronecker
delta, it follows that

Ly, L,] =ihL, (1.1)

and similarly for any cyclic permutation of the indices = , y and z. These results generalise
easily to collections of independent particles. Choosing /i as the unit of angular momen-
tum, and regarding these commutation relations as the defining characteristic of angular
momentum, the general quantal definition of angular momentum will be taken to be as

follows:

Angular momentum is a physical observable represented by three hermitian op-
erators j,, j, and j, which satisfy the commutation relations [j,, j,] = ij., and

cyclic permutations. These operators are the components of a vector j

The change in notation from L to j is intended to indicate the possibility of generalisation
of the concept of angular momentum beyond that associated with classical orbital motion.

The operators of angular momentum generate an algebra (the commutator of any two
operators in the set is a linear combination of operators from the same set). Since the
significance of operators in quantum mechanics lies in their matrix elements, there is obvious
interest in establishing the matrix representations of the angular momentum algebra in terms
of standard basis functions.

Though no two components of the angular momentum operator commute with one an-
other, all three components compute with the quadratic form j2 =j2+ jj + 72, and it may
be established that this is the most general angular momentum operator with this prop-
erty. According to the general principles of quantum mechanics, fz may be diagonalised
simultaneously with any one component of j, and their eigenvalues may be used to label
quantum states. The standard choice is to diagonalise j2 and 7., though any other choice of

the component to be diagonalised would be completely equivalent.



It turns out to be useful to look for what may be thought of as eigenoperators of 52 and
j., namely operators © which satisfy [;2,0] = A© and [j.,0] = mO, where A and m are
numbers. Any linear combination of the operators j, satisfies the first relation, with A = 0,
but the second is less trivial. It is easily established that the only linear combinations of
Ja satisfying the second eigenoperator relation are j, itself, trivially, with m = 0, and the
two operators ji = j, £1ij,, with m = £1. (Of course, any multiples of these operators will

satisfy the same relationship, since it is linear.) These operators satisfy the commutation

relations
7%, js] =0 (1.2)
s J2] = £z (1.3)
s J-] = 24. (1.4)

Consider a set of states |Am) which are simultaneous eigenstates of 72 and j, with eigen-

values A and m, respectively, i.e.

FAm) = AJAm) (1.5)
Jz|Am) = m|Am) (1.6)

Applying to these states the commutation relations for j. one obtains
Fgelm) = 172, el Am) + je3* | Am) = Aj [ Am)

and
JzjelAm) = [jz, j=l[Am) + jej|Am) = (m £ 1)j|Am)

from which it follows that

jelAm) = ol |\ m £ 1) (1.7)
where ag\jf,z is a numerical coefficient and it is assumed that the states |[Am) are all normalised.

The operators j4 are therefore referred to as step operators, changing the eigenvalue of j, by
one unit, up or down respectively, while leaving the eigenvalue of 32 unchanged. It should
be noted that ji are not hermitian operators, but that each is the hermitian conjugate of

the other.



The relations
Jrd- = J2+ gy +iljydal = 7 = 52+ d (1.8)

and
Jodr =30 = 3= (1.9)
()

A\ Since

which follow from the definition of 74, may be used to determine the coefficients «

i)|2

o) I2

= ||jx|Am)
= (AmljgjelAm)
= (Wm|j? — 52 F j.|Am)

=A—m?>Fm.

As always, quantal states are defined, even when normalised, only up to an overall phase.
There is thus complete freedom to choose the phases of the basis states |[Am) in order to
simplify the above results as far as possible. The standard choice, which can be shown always
to be possible, is known as the Condon-Shortley phase convention and involves choosing the

()

coefficients o,/

to be real and positive. So
ozf\jfn) =VA-—m2Fm. (1.10)
Since the norm of a quantal state must be non-negative, it follows that

0 < (mlilie + 515 |am)

(Nml|j_jy + joj_|Am)
(|25 — 25| m)

2(\ —m?)

so that m? < \ and, for any finite value of A, there is a limitation on the possible values of
m.

Consider a specific state [Am) and apply to it the angular-momentum raising (step-up)
operator j,. This produces a state |\, m + 1). Repeated applications of j, will produce
a succession of states |\, m + n), where n is an arbitrary positive integer. For any initial
values of A\ and m, there will eventually be some value of n for which (m +n)? > A, which

is forbidden. Thus there must exist some maximum value of n, denoted n,,,., such that



Jl A, m + Nypae) = 0. Then
j—j+|)‘am+ nmaa}) - P\ - (m + nmaa})z - (m + nmaa})]|>\am + nmax> =0

e, A= (m+ Nz ) (M + N + 1).

Similarly, repeated applications of the step-down operator j_ to the state |[Am) will
ultimately produce a state |\, m — n’) such that (m — n’)?> > X, which is again forbidden.
There must thus also exist some maximum value of the positive integer n’, denoted 7,

such that j_|\,m — np,) = 0. Then
Fd— 1AM = Npin) = (X — (M = M) + (M — Nin)] | X, M — M) = 0
i.e. A= (m — npin) (M — Ny, — 1). Therefore
(M 4 Nz ) (M4 Mgz + 1) = (M — N ) (M — N, — 1),

from which m + 10 = —(M — Nypin) and S0 2mM = Nypiy, — Npae- Recalling that n,,,, and
Nmin are non-negative integers, it follows that m must be an integer or half an odd integer
(positive or negative), with a maximum allowed value and a minimum allowed value for any
fixed value of A\. Denoting the maximum allowed value of m by j, the above results imply
that the minimum allowed value is —j and that A = j(j + 1).

To summarise, it is inherent in the angular momentum algebra that the simultaneous
eigenstates of 32 and j, are determined by the quantum numbers j and m, where j is a
non-negative number, either an integer or half an odd integer, and m takes the 27 + 1 values

—j to j in integer steps. The normalised states |jm) satisfy

Flim) = 3G+ 1)lim) (1.11)
jljm) = mljm) (1.12)
jelim) = ) lj,m + 1) (1.13)

alr) = i+ 1) = m(m=1) (1.14)

where the last equation embodies a phase convention for the states. For each j there is a
(2j + 1)-dimensional matrix representation for the three angular momentum operators j,,
Jy and j. , where the rows and columns are labelled by the quantum number m. Since ji

(and hence j, and j,) connect every state to a neighbouring state, there is no smaller subset



of linear combinations of the states |jm), for given j, which is closed under the operation
of all three operators j, (i.e. such that any member of the subset is converted into a linear
combination only of members of the subset by any of the operators j,). Such representations
are said to be irreducible.

Since the whole of the above discussion has been based only on the commutation relations
of the operators, it holds true for any set of operators satisfying the same commutator algebra
and, in particular, for the orbital angular momentum operators ¢ = (7 x p)/h = —iF x V. It
is well known that the simultaneous eigenfunctions of 2 and ¢, are the spherical harmonics
Yo (0, @), where ¢ is restricted to be an integer in order for the function to be single-
valued over the range of its arguments. The Condon-Shortley phase convention implies
Va0, 0) = (—)™Ye (6, 0).

A very useful general result can now be established concerning the matrix elements, in
the angular momentum basis, of any operator which commutes with all the components of
the angular momentum operator j. Denoting the operator by ©, the condition [©,7a] =0
for a = x,y, z implies also that [@,52] = 0. Matrix elements of this equation may be taken
between states |£jm), where £ symbolises all other quantum numbers required to specify
the states completely. These quantum numbers are irrelevant to the present discussion and

will simply remain unchanged at each step of the argument. Thus

0 = (&im|[©, j7]|¢'5'm")
= (¢jm|0j% — j*el¢j'm)
= 5'(j" + (EimIOE'5'm") — 5 (5 + 1)(Eim|OI5'm)
=['(j'+1) = j(G + D}Eim|O['5'm’)

where the hermiticity of 52 has been used in operating to the left on the state |£jm) and in

taking real eigenvalues. It follows that
(€jm|O&'5'm’y = 0 unless j' = j. (1.15)
In precisely the same way, taking matrix elements of [0, j,] = 0 leads to

(€jm|©]&'5'm’) = 0 unless m' = m. (1.16)



Finally, since [©, 7] = 0, it follows that

(€j,m +1101€7,m + 1) = (&), m + 1|0, [¢/jm) /o)
= (&j,m+1]j,0]¢'jm) /al})
= ol )1 (&jm|OI¢ jm) /o))
= (gjm|®l¢'jm),

+)

from the explicit form of oz§ Therefore, any operator which commutes with all the
components of j is diagonal in the quantum numbers j and m and its matrix elements in
the basis |£jm) are independent of m.

In particular, the unit operator commutes with all components of j Its matrix elements
simply express the overlap between different states. The general result here then ensures
that the overlap between any two eigenstates of a given angular momentum operator j, no
matter what other quantum numbers are required to specify the states completely, will be
zero if the states belong to different eigenvalues j or m and will be independent of m when

the states belong to the same eigenvalues j and m.

II. COMBINATION OF ANGULAR MOMENTA

Consider a number of independent angular momenta, i.e. a number of triplets of operators
j(“), where a is an index labelling a particular triplet, such that the components of different

operators f(“) commute,
5,55 = 165 (2.1)
where («a, 3, 7) is a cyclic permutation of (z, y, z). These may be the orbital angular momenta

of different particles, or the orbital and spin angular momentum of a single particle, or some

more general combination. Defining the resultant or total angular momentum operator j by
Jo =0, (2.2)

it is easily checked that the three components of j do in fact satisfy the angular momentum
algebra, hence justifying the nomenclature. There will thus be a set of eigenstates |jm) with

all the properties established above.



In this case, it is easy to find additional operators which commute with j2 and j, and
with one another and whose eigenvalues can be used to supply additional quantum num-
bers characterising the total angular momentum eigenstates. In fact, any operator (j(“))2
commutes with all the components of any f(b) and hence with fZ, 7. and any (j(b))Q. It is
therefore possible to diagonalise simultaneously all the (j(“‘))2 operators, together with j2

and 7., and to produce the states |j1j2Js . . . jnjm), with

72 ljidega - - gugm) = 3G + D|gijags - - - jnm) (2.3)
Jelg1dads - - dnm) = m|j1j2ds - . . jugm) (2.4)
G“N2g10ds - - Gugm) = Ga(Ga + D|gijods - . - jujm). (2.5)

No single component j*) of the individual angular momenta commutes with fz and 7,
because of the cross terms in 52. However, partial sums of angular momenta, like (j(“) +j(b))2
or (j(a) +5® 4 j(c))Q, etc., do commute with all the (j(‘L))2 and with j2 and j,, so many
more angular momentum quantum numbers can be simultaneously specified. Some caution
is required, though, since two partial sums with overlapping sets of indices a, b, ... will not
commute with one another unless one is wholly contained as a sub-sum in the other. Clearly,
several different sets of mutually commuting operators can be found, all including 72 and j.
and each defining a different basis of eigenvectors.

If the operator j2 is omitted, many more bases can be defined, the simplest being that in
which (j(“‘))2 and j(@ | for all a, are diagonal, namely |j,m172m273m3 . . . jumy,). Others would
involve various partial sums of angular momenta, such as |1 joj37123M1237475J45M45 - - - JnMn ),
for example. There is an embarrassing richness of alternatives, not all of which are really
different from one another (they may differ simply by a relabeling of the 7@ for instance),
and not all of which are of practical importance. In practice, detailed calculations seldom
deal explicitly with more than four angular momenta at one time, and then the number of
really different bases is relatively small and the relations between them quite easily estab-
lished. It is both simplest and most instructive to tackle, in order, the case of two, then
three and then four angular momenta, after which the generalisation to larger numbers is
straightforward.

In the case of two independent angular momenta j(l) and 5(2), there are only two

complete sets of mutually commuting angular momentum operators, the first being



— — —

(j(l))2, i1 (7@)2, 5 and the second being (5V)2, (7®)2, 52, 4., where 7 =70 4@ The
corresponding eigenvectors are |jimijams) and |jij2; jm), the former being referred to as
uncoupled, the latter as coupled. For given values of the quantum numbers j; and js, these
two sets of eigenvectors constitute different orthonormal bases for the representation of the
angular momentum operators and must be connected by a unitary transformation. (In ac-
cordance with the general result obtained at the end of the preceding section, eigenvectors
corresponding to different values of the quantum number j; or js are orthogonal to one
another.)

The transformation coefficients between bases are called Clebsch-Gordan coefficients or

vector-coupling coefficients and are most easily written down in Dirac notation:

Ulmljémz) = Z(ﬁjg;jm|j1m1j2m2>\j1j2;jm> (2-6)
jm
g2 gm) = Y (Jimajoma|jija; jm)|jimajoms) (2.7)
mimse

where (j1mqjams|j1jo; jm) = (J1je; jm|jimijams)* and the unitarity conditions are

> (Gige; 5" g1 jamama) (jrjamama| jijz; Jm) = 655 Omm (2.8)
mimsa
> {imjams| jiga; Jm) (jrja; Jmljimajama) = Sumymt Omymy,- (2.9)
jm

For given j; and js, the quantum numbers m; and ms have their standard ranges (from
—j; to j; in unit steps) and for given j, the quantum number m has its standard range, but
it has not yet been determined what are the possible values of j. For this, it is necessary to
look into some of the detailed properties of the vector coupling process.

Intuitively, since j, = j{V) + j{?) it is reasonable to expect m = m; + my. Therefore, the
largest possible value attainable by m is M, = j1 + jo. It follows that the largest value
attainable by 7 is also j; + js, since if there were a larger value of j it would be associated
with larger values of m. There is only one basis function |ji;m;joms) with my +ms = j1 + jo,
so that, necessarily, |j1j2; 71+ J2, 71 + J2) = |j1j17J2J2) and the corresponding Clebsch-Gordan
coefficient is unity. (Note the off-hand introduction of a further phase convention.) It can
be checked by straightforward, if lengthy, calculation that the uncoupled state |j171j272)
is an eigenstate of 32 and of j,, with quantum numbers j; + j» and j; + j». The state
|7172; J1 + Jo, j1+ j2 — 1) is now produced by acting on this extreme state with the step-down

operator j_. Since the value m = j; + j» — 1 can be produced either by m; = j1,ms = jo — 1



or by my = j; — 1, my = jo, there are two independent linear combinations of uncoupled
states with this m value. One of them will be produced by j_|j1je2; j1 + Jo2, 1 + J2), and the
orthogonal linear combination must then be the state |j1j2;71 + jo — 1,71 + jo — 1) (with
once again a free choice of phase).

This procedure may now be repeated — m = j; 4+ js —2 can be produced in three different
ways: my = J1, Mo = Jo—2; My = j1—1,mg = jo—1; my = j1 —2, my = ja; so there are three
independent linear combinations of uncoupled states with this m value. Two of them are
produced by operating with the step-down operator j_ on the two coupled states found in
the preceding steps, and are |j1ja; j1+J2, J1+J2—2) and |j172; j1+72—1, j1+j2—2). The third
linear combination, orthogonal to both of these, is then necessarily |71 jo; j1+72—2, j1+72—2).
Continuing in this way, the coupled states |j;jo; jm) may be produced in stepwise fashion,
each step automatically determining the corresponding Clebsch-Gordan coefficients (and
requiring one further phase choice, which can obviously be used to make all the Clebsch-

(£)

Gordan coefficients real, since the Condon-Shortley convention makes all the a,,, coefficients
real).

The above process produces one extra state at each step, with a j value decreased by
unity from that of the previous step, and will terminate when all the uncoupled basis states
have been used up, which happens when either m; or ms reaches the lower end of its range.
At this point, the number of different ways of making the appropriate value of m is equal to
the number of different j values produced in the preceding steps. At the end of the process,
all (251 + 1)(2j2 + 1) uncoupled basis functions |j1m;j2mse) will have been used to produce
an equal number of coupled basis functions |j;72; jm):

J1+j2
2+ D)2+ = > (2j+1)

J=jmin
= (i +i+1)?—jhn
from which i = [j1 — jo|- Thus the two angular momenta j; and j, may be coupled to
a total angular momentum |71 — jaof, [j1 — Jo| + 1, |j1 — Jo| + 2,...J1 + J2 — 1, j1 + Jo, each j
value occurring once.
The same results may be obtained more formally in the following fashion. Applying 7.
to the defining equation

g2 gm) = Y (imajema|jije; jm)|jimajams)

mima

10



produces

mljije; jm) = Y (imajameljije; jm)(ma + ma)|jimijams).

mima

On substituting the defining equation again in the left hand side, this may be rearranged
into the form

> (m —my —ma){jimajams|jija; jm)|jimyjams) = 0.

mima2

The states being summed over are mutually orthogonal and hence linearly independent,
so the sum can vanish only if the coefficient of every state in the sum vanishes, i.e.
(jimajamaljije; jm) = 0 unless m = my 4+ mo. Thus the additive condition on m assumed
intuitively above arises as a selection rule on the Clebsch-Gordan coefficients. (Note that
the state |jimijams) is an eigenstate of j, with eigenvalue my + my, while |j;j2; jm) is an
eigenstate of j, with eigenvalue m. The Clebsch-Gordan coefficient is an overlap between
these two states, so vanishes unless their j, eigenvalues are equal. This is an alternative
proof of the m selection rule.)

The same technique may be used to produce a pair of recursion relations for the Clebsch-
Gordan coefficients, by applying the operators j. to the defining equation, substituting the
defining equation again on the left hand side of the result, rearranging and using the linear

independence of the uncoupled basis functions. The properties of the coefficients aﬁg and
of the basis vectors |j;m;) at the extremes of the range of m are important in ensuring that

the ranges of summation on the two sides of the equation are compatible. The result is

al) (Gima ool jo; jym £ 1) = b5 Giyma F 1, joma|juga; jm)

+ . . S
+04§'2,1)n211<]1m1]2, ma F 1]j1j2; jm). (2.10)

These recursion relations can be used to express all the Clebsch-Gordan coefficients for given
J1 and jo in terms of either (j1j1j2,7 — j1lj1j2; Jj) or (ji,J — Ja, jojoljije; jj). (Consider, for
example, the case m = j, with the upper sign, for which the left hand side vanishes and
the right hand side, with the aid of the m selection rule, produces a recursion relation in
my alone.) The magnitude of the single remaining undetermined coefficient can be found
by applying the unitarity condition in the form Y., ... [(jimijamaljijz; jm)|* = 1, and its

phase can be chosen arbitrarily. For convenience, the phase is chosen so that the relevant

coefficient is real and positive, (j17j1j2,7 — J1ljije; jj) > 0, and the recursion relation then

11



ensures that all the Clebsch-Gordan coefficients are real. Therefore, (j1mqjoams|j1a; jm) =
(j1j2; jm|jimijams) and only one form of the coefficient will be used henceforth. Since the
quantum numbers j; and j, remain the same on both sides of the coefficient, the abbreviated
form (j1mqjams|jm) is sufficient and will be adopted from now on.

Given the limitations on the projection quantum numbers m, it is clearly necessary that
—jo < j — J1 < Jo, or else all the Clebsch-Gordan coefficients vanish. Since the whole
exercise could equally well have been carried out in terms of (ji, j — Jjo, joj2|j1j2; jj) (or, for
that matter, in terms of the two alternative forms with m; = —j; and my = —j,), it is also
necessary that —j; < j — jo < j;. Combining the two sets of restrictions, it is seen that the

values of 7 must satisfy the triangle inequality
1 —Jol <7 < i+ (2.11)

From the general requirement that 7 be an integer or half an odd integer, and that m
have the same character as 7, and from the selection rule m = my +m., it follows that j will
be an integer if j; and j5 are both integers or both half odd integers, and will be half an odd
integer if only one of 7; and j5 is an integer. It is also worth noting that the whole treatment
of the coupling of j; and j; was completely symmetric between the two component angular
momenta until the choice of the phase of the determining coefficient in the recursion relation.
The choice (j1j172, j —Jj1lj172;7j) > 0, rather than (1, j — j2, jej2|j172; 77) > 0, introduces an
asymmetry between j; and js, so that the coefficients (jimijoma|jm) and (jomajimy|jm)
can differ at most by a sign. Similarly, since the recursion relation could have been used to
relate all Clebsch-Gordan coefficients to those with m = —j, instead of m = j, there will be
a possible sign difference between coefficients with mq, ms, m or with —my, —msg, —m.

Detailed discussion of the recursion relation, or inspection of the complicated explicit
formula for the Clebsch-Gordan coefficients derived from group theory by various authors
and quoted in the references, allow the extraction of the following symmetry properties of

the coefficients:

(jimajama|jm) = (=) 27 (jamggima | jm) (2.12)
= (=) (G, —ma, Go, —malj, —m) (2.13)
= (=)= /(25 + 1)/ (241 + 1) (o, —majmljim) (2.14)
= (=) 7"/(2) + 1)/ ()2 + 1) {(jmgr, —maljams). (2.15)

12



These properties suggest a basic symmetry among the three angular momenta involved —
the two constituent angular momenta j; and j and the total angular momentum j. The
same underlying symmetry is indicated by the triangle inequality satisfied by ji, jo and j,
which is equally valid for any division of the three angular momenta into two constitutents
and a resultant. This symmetry is effectively exploited in an alternative form of the vector-
coupling coefficients, the Wigner 3-j symbol, defined by

JioJ2 U3

my Mo M3

= (=) (Gymy joma s, —ma) /\/255 + 1. (2.16)

The 3-j symbol vanishes unless ji, jo, j3 satisfy the triangle inequality and mq +ms+ms = 0.
It is left unchanged in value by any cyclic permutation of its three columns, but is multiplied
by the phase factor (—)711727Js if any two columns are interchanged or if the signs of all three
projection quantum numbers m,; are reversed. Thus R 0 unless j; + jo + Jjs is

000
even. The symbol also has the useful property that

JuoJ2 Js ),
Z |j1m1 jamsa jams)
mimams3 my Mo M3
represents a state of three angular momenta coupled to total angular momentum zero which
is symmetric under cyclic permutation of the three angular momenta.
Some consequences of the angular-momentum coupling formalism are of general interest.

In the case j = 0, the recursion relation for the Clebsch-Gordan coefficients becomes

0= Oé(Jr) <j1, mq — 1,j2, mo + 1|00> + Oé;-:r)ru <j1m1j2m2|00>

J1,m1—1
From the selection rules on the coefficients, necessarily j; = jo and m; = —my. But from
the explicit expression for the aﬁg coefficients, ag»j:,)b,l = af:)m, so the result reduces to

(ymj, —m|00) = —(j,m — 1,7, —(m — 1)|00) , from which it follows that (jmj, —m|00) =
(=)7™(jjj, —34100). But 32, (jmj, —m[00)* = 1, so that (jjj,—j|00) = 1/1/2j+ 1, where
the standard phase convention has been used to select the positive square root. Finally,
(J1magama|00) = (=)™ 85,5 0my—ma [/ 21 + 1. (2.17)
Using the symmetry relation of the Clebsch-Gordan coefficient, this may be rewritten in the

form (j1m100|j2m2) = 0}, j,0mym,, Which is self-evident. Alternatively,

i J2 0 m I m—
= (—)]1 15]‘1]‘257”17_7”2/ 2]1 + 1. (218)

mq m20

13



Another special case of the Clebsch-Gordan coefficient which is frequently useful can be
obtained straightforwardly from the explicit formula for the coefficient, alluded to previously,

namely

(G —31J0) = (2 (2] + 1) /(2 + J + )25 — J)!. (2.19)
Two identical systems, defined by their angular momentum 5 and by additional quantum
numbers collectively denoted by &, can be coupled to a state of well-defined total angular
momentum .J as follows:
|(fj)2JM> = Z <jm1jm2|JM>|§jm1§jm2).
The dummy indices m; have the same range and may be exchanged to produce

((&5)2TM) = > (imojma|JM)|Ejmagjma)

mima2

= (=) 3T (Gmagme| JM)|Ejmatima),

by the symmetry property of the Clebsch-Gordan coefficient. This may be rewritten
‘(fj)QJM> = (_)2%]7)12 Z <jm1jm2\JM>\§jm1§jm2)
where Py is a permutation operator which exchanges the two systems in any state on which
it acts (but has no effect on numerical coefficients like the Clebsch-Gordan coefficients). This
final result states that
Pia| (€5)*TM) = (=) 77((&5)*TM), (2.20)

so that the coupled state |(£7)?JM) is automatically symmetric or antisymmetric under
interchange of the two systems, according as 2j — J is even or odd, respectively. (Note the
importance of the identity of the systems. For & # &, this result would not hold.)
Considering that identical bosons, which have integer angular momentum, are required
to form totally symmetric states, while identical fermions, which have half-odd-integer
angular momentum, are required to form totally antisymmetric states, it follows that a
pair of identical fermions or a pair of identical bosons can couple only to even total an-
gular momentum J. This argument can be extended, in the case where each system
is characterised by two or more independent angular momenta, to produce a correspon-
dence between the sign of the phase factor (—)/t*/2++/2 and the symmetry of the state

|(Ej1g2 -+ Gn)? TLMy Jo My . .. J,M,,). Thus for systems characterised by angular momentum

14



and isospin, for example, selection rules arise for J 4 7', where 7' is the total isospin of the

pair of identical systems.

III. RECOUPLING OF ANGULAR MOMENTA

As indicated at the beginning of the previous section, there will generally be more than
two different bases applicable to problems involving more than two angular momenta. In
the case of three angular momenta, the bases of interest are the totally uncoupled ba-
sis |j1mijamajsms) and the totally coupled basis |j1jaj3im), where the latter is not yet
completely specified, being determined by the eigenvalues of only five, rather than six, mu-
tually commuting operators. The totally coupled basis may be fully specified by defining
one intermediate coupling, which can be done in three different ways — |(j1J2)j12737m),
|(j1J3)J13729m) or |j1(j273)723jm), where the notation should be self-explanatory. The tran-
sition from the fully uncoupled to the fully coupled bases goes through the intermediate
partially coupled basis, with Clebsch-Gordan coefficients being used to couple pairs of an-

gular momenta at each step. So

|(j1j2)gizgsim) = > (Jizmasgsms|jram)|(jija) jr2masjzms) (3.1)
mi2m3
= Y (Jremazgsmslim) (jimajoms|j1amaz) | jima jomajsms), (3.2)
mi1m2msni2

and similarly for each of the other possible intermediate couplings. However, the existence
of different bases does not imply a proliferation of states — any one of the three fully coupled
bases is equally valid, so there must exist unitary transformations between them.

The vectors belonging to a particular basis, such as |(j172)j12J3jm), are distinguished by
the values of the six quantum numbers listed and are all mutually orthogonal, according
to the general result proved at the end of section 1. However, vectors from different bases
are not necessarily orthogonal, provided they have the same values of the common quantum
numbers ji, Jo, j3, j and m. The overlaps between functions belonging to different bases
are the coefficients of the unitary transformation between the bases, as is clear in Dirac

notation:

|(rg2)gizgsgm) = > (G1(jags)jes| (J1d2)d12035) |71 (Jods) Jesim). (3.3)
j23

The transformation coefficient, again by the general result proved at the end of section 1,
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is diagonal in 5 and m and independent of the value of m, which is thus dropped from the
symbol for the overlap.

Using the decomposition of the totally coupled states into totally uncoupled states in
terms of Clebsch-Gordan coefficients, the transformation coefficient is explicitly written as

(71(7273) 7235 (J172) J12J3d) = > (J1m1jama|ji2mag) (J12maajsms|jm)

m1m2m3mi2ma23
X (Jimajasmas|jm) (jamajasms| jasmas). (3.4)
Since the Clebsch-Gordan coefficients are real in the standard phase convention, so are
these transformation (or recoupling) coefficients. Note that the recoupling coefficients are
determined purely by the Clebsch-Gordan coefficients and are independent of any property
of the states considered except their angular momentum quantum numbers.
The recoupling coefficient is commonly written in terms of a more symmetrical quantity,

the Wigner 6-j symbol, as follows:

.jl .j2 .j12

((rg2)dragsdln (egs)dasg) = (=) H=H40, (210 + )25 +1) 4 7 7 70 b (3.5)
J3 J J2s3
An alternative notation is in terms of the Racah coefficient
eI J2 12
W (j1j2dis; Jrajas) = (—)71792773H0 . (3.6)

J3 J J23
The 6-j symbol is real and its selection rules are the four triangle inequalities, A(j1j2712),

A(j12737), A(J2gsjes) and A(j17235), where
A(J1J2d3) <= |71 — 72| < 73 < J1 + Jo. (3.7)

Its symmetry properties may be read off from those of the Clebsch-Gordan coefficients (which
is much more easily done when the latter are replaced by 3-j symbols). It turns out to be
invariant under those permutations of its six arguments which leave the set of four triangle

inequalities unchanged. Depicting these inequalities in the self-explanatory form

it is quickly seen that this set of four pictures, and hence the 6-j symbol, is unchanged under
a b

arbitrary permutation of its three columns or under simultaneous inversion = ——  of any

b a

16



pair of columns. Since the 6-j symbol is entirely independent of any projection quantum
numbers m, it may be regarded as a rotational invariant.

Other transformation coefficients can be expressed in terms of the one explicitly inves-
tigated above by suitable reorderings of the angular momenta being coupled, using the

symmetries of the Clebsch-Gordan coefficients. For instance,

((1d3)d13d24] (Grge)dizgsd) = (=)= 1277 (ja(j1js) 13| (jije) jizd)
= (=)t ()RR () (1 s) dasd | (Gadr ) r2dsd)

(_)j12+j13—j1—j(_)j2+j1+j3+j

: : J2 J1 Ji2
X\/(Zjlz + )2z +1) 477 7
J3 J Ji3
— (_)jz+j3+j12+j13\/(2j12 + 1)(2913 + 1) J2 J1 J12
J3 J J13

(It should be noted that the 6-j symbol is defined by an overlap in which the three constituent
angular momenta appear in precisely the same order in both totally coupled states. The
reality of the 6-j symbol makes the order of the two totally coupled states in the overlap
unimportant. )

In manipulating phase factors, as has been done above, the following observations are
useful. When j; and j, are coupled to produce j3, any of the three may be, in principle,
an integer or a half-odd-integer. However, as remarked above, in all cases either all three
or only one of the j’s must be integral. This is sufficient to ensure that the combinations
J1 + jo £ js are integers, so that (—)71772773  for instance, is real and is equal to its inverse,
(—) 77177213 However, (—)71772773 is not necessarily equal to (—)117277s — these two phases
are equal if j3 is an integer, but opposite if it is a half-odd-integer. Similar arguments hold
for 71, jo and j3 coupled to produce j, where j; + jo + j3 + j is always an integer and
(—)J1ti2tisti = (—)=71=j27337J ig real. Also, for any angular momentum j and its projection
m, (—)¥ =1= (=) and (=)™ = (=)™ 7 is real, as is (=)/T™ = (=)™,

From the unitarity of the transformation between bases and the definition of the 6-j
symbol, the following useful relationships may be written down.

J1 J2 D12 J1 J2 Jio

Z(2J23 +1)

.. . :5j12j{2/(2j12+1) (3.8)
Ja3 J3 7 J23 J3 J J23
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o . . . . i [T , J1 J2 Jz
> (imajamaljizmaz) (jramazjsms|jm) = Y (=) \/(2912 +1)(2j3+1)9" 7 7
mi2 J23ma3 J3 J J23

X (j1m1J23mas|jm) (jamsa jams| josmas) (3.9)

Z (J1m1jama|jiamag) (Jramizjsms|jm) (jamajams| jasmas)
mams3mi2

= (=) (21 + 1) (205 + 1) j_l J_z ‘7_12 (J1majagmas|jm) (3.10)
J3J J23
where the second equation is simply a rewriting of the definition of the unitary trans-
formation coefficient and the third is derived from it by use of the orthogonality of the
Clebsch-Gordan coefficients.
A sum rule for the 6-j symbol may be derived by considering different ways of achieving
the same ultimate recoupling of three angular momenta. Clearly,
((J152) 512735152 (J351) J135) = Z((Jljz)jlzj:sj\ﬁ (J273)237) (71 (J2J3) 2312 (J351) J13J) -
j2s
The transformation coefficients on both sides can be reduced to standard form by changing
the order of coupling of pairs of angular momenta, with the appropriate phase factors, and
rewritten in terms of 6-j symbols to yield
SO (=)t (2 + 1) 9:1 J'.2 ]:12 3:1 J}% 3:13 _ ]"1 ]:3 3:13 _ (3.11)
J23 J3 J J23 J2 7 J23 J J2 J12
A somewhat more complex sum rule is obtained by considering the recoupling of four angu-
lar momenta, three at a time, in different ways. In an obvious notation, (jij2)j12737123J4] —
(J2gs)jasfisiesja)  —  (Jads)jes(ija)snads or (Jije)iiedsiiesial —  (Jrje)iizfajizafaj —
(71J4) 714920124937 — (9174)714(j273)jesj. The resulting equality can be converted into the

Biedenharn-Elliott sum rule for 6-j symbols,

Z(_)j1+j2+j3+j4+j12+j23+j14+j123+j124+j(2j124 + 1) .jl ]:2 ]:12 ]12 ]:3 ]:123

J124 J124 J4 J14 J J4 J124
]'.2 ‘.7'3 ?'23 _ J'.l ]'-23 J'-123 j? 3:23 ]'1.23  (312)
J J14 J124 J Ja Na J3 J1i2 J2
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The value of the 6-j symbol in the special case where one of its arguments is zero is easily
determined by substitution in the equation relating the 6-j symbol to the Clebsch-Gordan

coefficients, or by observing that

<<Jlj2)j120j‘j1 (jQO)]23]> = 5j12j5j2j23'

Either procedure produces the result

PRI = (s 2+ D@+ 1), (3.13)
Ja2 1 0

The symmetry properties of the 6-j symbol can then be used to evaluate a 6-j symbol any
of whose arguments is zero.

Inserting this special value of the 6-j symbol into the orthogonality relation or any of

the sum rules for these symbols, by setting one of the free angular momenta (not an index

of summation) equal to zero, will generally produce a trivial identity, but in a few cases it

produces further useful sum rules. Setting ji, = 0 in the orthogonality relation leads to

S () (27, 4+ 1) Jugz e | \/(le +1)(24 + 1)dj0. (3.14)

Jiz Je g1 J
Similarly, setting j;3 = 0 in the first sum rule above produces
S(j e I e,
J Ji Jz2 J
which can be rewritten in the form

S+ o (3.15)
J Ju Jz2 J
Setting an argument equal to zero in the Biedenharn-Elliott sum rule produces no new
results.
For the case of four coupled angular momenta, the uncoupled basis |ji1m1jomojsmsjsmy)

plings required to complete a full set of eight mutually commuting operators) by a unitary

transformation. The number of possible sets of fully coupled basis functions is now quite
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large (illustrative examples are j' = jia, j" = ji23; J' = j13,J" = Jisa; J' = Ji2,J" = jaa), but
they fall into two classes — bases where two angular momenta are coupled together, the
result coupled to a third and that result to the fourth angular momentum, or bases where
two distinct pairs of angular momenta are each coupled together and then their resultants
are coupled to produce the total angular momentum. Any two such bases are related by a
unitary transformation. The first type is of considerably less interest than the second and
can be handled by successive uses of the 6-j symbol. The second type is sufficiently useful
to have warranted the introduction of a new recoupling coefficient.

The prototype transformation coefficient for four angular momenta coupled pairwise is
((7192)712(J344) 7347 (J173) J13(Jaja) j24]), where again the overlap between states from different
bases is diagonal in j and m and independent of m, which is dropped from the transfor-
mation bracket. (The overlap is also, of course, diagonal in the common quantum numbers
J1,J2, js, ja.) This can be written in terms of Clebsch-Gordan coefficients as

> (J1magama|jramaz) (Jamajamal jaamaa) (Jr2mazjzamaal jm)
mMm1Mm2mMm3mma4n121M341mMm13M24

X (j1my jsms|j1smas) (Jomojama|joamay) (J13m13j2amas|im),

and is hence real. Once again it turns out to be convenient to introduce a slightly different

recoupling coefficient, the Wigner 9-j symbol, defined by

((J172)d12(J37a) J3ad | (J173) 13 (J2da) Joad) =
Ji J2 J12
Vg2 + 1) (2jss + 1)(213 + 1221 + 1) 3 js s jaa ¢ - (3.16)

j13 j24 ]

Converting the Clebsch-Gordan coefficients to 3-j symbols and exploiting the m-

independence of the recoupling coefficient, it is found that

Ji J2 Ji2 L L ) ) )
. Ji J2 2 J3 J4 J34 13 Joa )
J3 Ja J34 ( — Z
. . all m’s \ M1 M2 M2 ms My M3q mMi3 Mog M
J13 J24 ]
y Ji J3 J13 J2 J4 Jo4 Ji2 J34 ] (3'17)

mi mg mis Mg Ty Moy Mz M3q4 M
where each row and each column of the 9-j symbol is represented by a 3-j symbol and all
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nine projection quantum numbers m are summed over. The result, independent of projection
quantum numbers, may be regarded as a rotational invariant.

The selection rules for the 9-j symbol are now trivial — each row and each column of
the symbol contributes a triangle inequality which must be satisfied if the symbol is not
to vanish. The symmetries of the 9-j symbol are also easily read off: the interchange of a
pair of rows or of a pair of columns produces a phase factor (— )/t 7z +istiati2tisitiistizaty
while transposition of the symbol (writing the rows as columns and the columns as rows by
reflecting in the main diagonal) simply reorders the six 3-j symbols inside the summation
and so leaves the symbol unchanged in value. The former symmetry introduces a further
selection rule — if any two columns or any two rows of the symbol are identical, then it
vanishes unless the sum of its nine arguments is even (or, equivalently, unless the sum of
the angular momenta in the remaining column or row is even).

As before, the unitarity of the transformation imposes orthogonality conditions on the
9-j symbols, in the form

J1 o J2 Jri2 g1 Je Jio
2 Qis+D)@hs+ 1)1 Js s dsa 0§ Js Ja s (= OpnastnOisasse/ (212 + 1)(2sa + 1.
o jis s 3 ) L dos
(3.18)
The 9-j symbol can be expressed in terms of 6-j symbols by recoupling four angular momenta
in stages, with three angular momenta being recoupled at each stage, as follows:
((172)g12(J35a) J3a | (J1d3) 13 () J2a5) = Z<(j1j2)j12 (J3J4)J3451(J12) J1235123)45)
Jre3
X ((Jrj2) 12737123947 | (173 ) Jrsdednesad ) ((Juds) dasgednesjad | (Jrds) s (Jaga) 2ad)

from which it follows that

JiJ2 iz S S S
. ; . Ji J2 Ji2 J3 J4 J34 Jiz J2a J
ds o du gsa g =2 ()P 1)y T T S .
o ) J123 J123 J3 J13 J 12 J123 Ja J123 J2
J1z Joa ]
(3.19)

As in the case of the expression for the 6-j symbol in terms of Clebsch-Gordan coefficients,
this result may be manipulated, using the orthogonality of the 6-j symbols, to express a
product of two 6-j symbols as a sum of products of a 6-j and a 9-j symbol. Successive

recouplings of four angular momenta can be used to obtain a sum rule expressing a single
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9-j symbol as a sum of products of pairs of 9-j symbols. The value of the 9-j symbol when
one of its arguments vanishes is also easily obtained from the expression in terms of 6-j

symbols. Given the symmetries of the 9-j symbol, it is sufficient to evaluate

Ji J2 Ji2 .

. i it J1 J2 J12 ) ;

J3 J4 J34 (T (_)]2+]12+j3+j135j12j345j13j24 L /\/(2]12 + 1)(2]13 + 1)' (320)
) . 0 Ja J3 J13

J13 J24

A useful special case arises when a whole row or column of arguments vanishes. This is

covered by the specific result
Ju g1 0
Jo 3 0§ = BinitBiaigdiais/\/ (21 + 1)(22 + 1)(2s + 1), (3.21)

gz Jg O

where 71, jo and j3 satisfy the triangle relation.

IV. SPHERICAL TENSOR OPERATORS

Now that the quantum states of a system have been characterized in terms of their angu-
lar momentum properties, it becomes of interest to investigate the effect on these properties
of various operators which act in the space of states. Consider, in the simplest case, the
position and momentum operators of a single spinless particle with orbital angular momen-
tum operator L = (7 x 7)/h. Using the standard commutation relation [rq, ps] = ihi6as,
where the indices «, 3 represent the cartesian components z,v, z, it is easily established
that the commutator [L,, 73] is a simple linear combination of the components of 7, while
[La, ps) is the same linear combination of the corresponding components of p. It is possible
to define specific linear combinations r,, and p,, of the components of 7 and p respectively,

with m = —1,0, +1, such that
(L., V] = muy, (4.1)
L, vm] = afy)vmen (4.2)
where ¥ represents either 7" or p'and where
vy = U, (4.3)

1 ,
Uy = :Fﬁ@x + qv,). (4.4)
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These eigenoperators of L have properties reminiscent of the defining properties of a set of
states of angular momentum 1, projection m, with the commutator of L with the operators
v, playing the role of the action of the operator L on the states |lm). This property of
the operators 7 and p’ can be generalized and is extremely useful in all applications of the
angular momentum algebra.

Before going on to the general case, consider the set of operators r,pg, the nine possible
products of the cartesian components (o, f = z,y, z) of 7 and p. Once again, the commuta-
tors of L with these operators produce only linear combinations of operators in the same set.
This is guaranteed by the fact that 7 and p have this property, while commutators satisfy
the identity [A, BC] = [A, B]C + B[A, C]. The operator products r,ps fall naturally into
three subsets — the combination 7+ p’ (the sum of the diagonal elements of the set, called
the trace), the vector product x p (the three antisymmetric combinations r,ps —rgps) and
the five independent symmetric combinations r,ps + rgpa — géaﬁf - p, with vanishing trace.
Each product 7,ps can be written as a sum of terms from the three subsets. It is then found
that each of these subsets is closed under commutation with E, i.e. the commutator of any
component of L with a member of one of the subsets is a linear combination of members
of the same subset. The scalar product 7+ p commutes with all the components of E; the
vector product 7 x p has the same commutation relations with L as the individual vectors 7
and p; while specific linear combinations (7p),, of the elements of the symmetric subset can

be found for which

(L2, (TD)im] = m(7P)m (4.5)
L, (7)) = by (FF) s (4.6)

These results generalize to other operators than , p and their products and to more
general angular momentum operators than L. Given any set of operators which is closed
under commutation with the components of the angular momentum 7, it can always be
broken up into subsets, each of which is itself closed under commutation with j but cannot
be broken up into smaller subsets with the same property of closure. Any of the original
operators can be written as a linear combination of operators from these subsets. Within
each such irreducible subset, specific linear combinations can be chosen so that their com-

mutation relations with j have the standard form encountered twice above, analogous to
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that of sets of states [jm) acted upon by the operator j Further it can be demonstrated
that any arbitrary operator can be written as a linear combination of operators belonging
to such standard sets. These general statements are systematized in the definition of an
(irreducible) spherical tensor operator.

An (irreducible) spherical tensor operator 7)) is one of a set of 2j + 1 operators, corre-

sponding to different values of m = —j, —j +1,...,5 — 1,7, which satisfy

[z T = mT) (4.7)
70 TP] = ol )T, (48)

The spherical tensor operator T\¥) is said to be of rank j, projection m. This definition
essentially generalizes the notion of angular momentum of states to include that of angular
momentum of operators.

It is now possible to investigate the effect on the angular momentum of a state of the
action of a spherical tensor operator. Consider the state produced by operating with 7,7)

on |j'm’). It is still an eigenstate of j,, since

BT imy = [, TP 5'm') + T 5.|5'm/)
= mTY|j'm') + T9m/|j'm/)

= (m+m)TP|j'm'),

but its eigenvalue has become m + m’. It is tedious but straightforward to check that
TY|5'm') is not, however, an eigenstate of 72. But it is essentially a product of two objects
of well-defined angular momenta j and j’, with well-defined projection quantum numbers
m and m/. The analogy with the product state |jim;jams) suggests that an appropriate
linear combination of such products using, of course, the Clebsch-Gordan coefficients may
have well-defined angular momentum. Consider, therefore, the state

[TM) 50 = 3 (Gmg'm! | TM)T, D |j'm’).

Because of the Clebsch-Gordan selection rule M = m + m/, this is, in fact, an eigenstate of
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7. with eigenvalue M, as suggested by the notation. Now,

Gl M) =" (Gmg'm | JM) [, T + T9 5.} 'm')

= 3" (Gmg'm!|IMY{a$) T |j'm'y + o), T9 |5 m! £ 1)}
= Y [\ Gom F 1w/ |IM) + ol (jmy’m’ F 1| IM)TD|j'm)
= 3" oy Gmg'm!|J, M+ 1)TD|j'm’)

+
= afyl L M £ 1)

where use has been made of the Clebsch-Gordan coefficient recursion relations and of the

restrictions on the ranges of the projection quantum numbers. But this result is precisely
what is required to establish |JM),; as an eigenstate of 7% with eigenvalue J(J + 1), thus
fully justifying the notation used.

The Clebsch-Gordan coefficients thus couple the rank of a spherical tensor operator to
the angular momentum of the state on which it acts so that the state so produced is a well-
defined angular momentum eigenstate. The orthogonality of the Clebsch-Gordan coefficients
can now be used to write

T’y = 3 (gmg'm/| M) TM) 5,
JM
which can be used to evaluate the matrix element

G m" | TP m’y = 3 (Gmg'm/|TM) (5" m"| T M) ;5
JM

= 2_(mgm'|JM)© 00 10 ar
JM

= (gmj'm/|j"m") O,
where O/, the overlap between the states |j”m”) and |JM),;, is diagonal in j”(.J) and
in m”(M) and independent of M. Therefore the dependence of the matrix element on the
projection quantum numbers is contained entirely in the Clebsch-Gordan coefficient and is
independent of the detailed dynamics of the states and of the operator involved. This very
powerful and extremely useful result is known as the Wigner-Eckart theorem. It should be
emphasized that all that is required for the theorem to hold is for the two states concerned
to be eigenstates of the same angular momentum operator relative to which the operator

involved is a spherical tensor operator. Any such matrix element can then be regarded as
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the product of a purely geometrical factor, the Clebsch-Gordan coefficient, containing all the
dependence on the projection quantum numbers, and a reduced matrix element, independent
of the projection quantum numbers, which contains the dynamics of the situation. There
are rival definitions of the reduced matrix element, but the one probably most widely used
is

o 3" T

G\ TNy = (=) GIT5 (4.9)

—m" mm

where the double-barred matrix element without projection quantum numbers is the reduced

matrix element. In terms of Clebsch-Gordan coefficients, this definition reads
G| TPy = ()7 g |7 G TON 7 /25" + 1 (4.10)

Some useful reduced matrix elements are easily derived. From the basic definitions,
the unit operator is a spherical scalar (a spherical tensor of rank zero), while j,,, defined
analogously to v, above, are the components of a spherical vector (a spherical tensor of

rank one). Thus

. . g 0y I
(gm|1i'm’) = 6,50 0mm = (=)’ ) (111157
—m m
implies that
L") = 0550/29 + 1, (4.11)
while
o N .
(gmlg=1i"m") = m8;jpm = (=)’ - (llalls")
—m m
and
Jjg 1y o — :
N m/\i(G +1)(2j + 1) (4.12)
—m m
imply that
GITNSY = 8,5\ /5G + 1)(25 + 1). (4.13)

The simplest and most immediate consequence of the Wigner-Eckart theorem is that
the matrix element (j”m”|T\%)|j'm’) is governed by the same selection rules as the Clebsch-
Gordan coefficient (jmj'm’|j”"m”) (and possibly additional selection rules arising from the

reduced matrix element), namely m” = m + m’ and |j' — j"| < j < 5/ 4+ j7”. The latter

26



condition ensures that a state of angular momentum j can have no static multipole moment
of order A > 2j, since the static multipole moment of order A is defined in terms of the
diagonal matrix element (j, m = j\TO()‘) |7, m = 7), which vanishes, by the triangle inequality,
unless A\ < 2j. (A single matrix element is sufficient to define the multipole moment of a
state, since all other matrix elements can be related to any one of them by the Wigner-
Eckart theorem.) Hence a state of angular momentum zero cannot have a non-zero dipole
moment (or moment of any higher order), a state of angular momentum % cannot have a
non-zero quadrupole moment (or moment of any higher order), etc. The same condition
allows a quick classification of the possible operators on a system. For example, a single
spin—% particle can be acted upon only by spin operators of rank zero or one, any operator of
higher rank having only vanishing matrix elements. From this and the properties of the spin
operators § it is easy to conclude that the only available spin operators for a single spin—%
particle are the unit operator and the operator s. For a system of two spin—% particles, the
total spin of the system can be only 0 or 1, so only spin operators of ranks 0, 1 and 2 will
be effective, the last-named only in the spin-1 susbspace.

Perhaps the best-known application of the Wigner-Eckart theorem is in deriving the
Landé formula for the matrix elements of an arbitrary vector operator. In general, given two
spherical tensor operators of the same rank and projection operating in the same space, the

ratio of their non-vanishing matrix elements between a pair of angular momentum eigenstates

will be independent of all projection quantum numbers, i.e.
. L) - L), . L) .
Gl T | m') = AR (Gm| U3, 1)

when neither matrix element is zero. The factor A%,) is a ratio of reduced matrix elements.
Thus, the matrix elements of an arbitrary vector operator V can be related to those of a
specific vector operator, the angular momentum itself, provided the value of the quantum
number j is the same on both sides of the matrix element (since j is always diagonal in j).

So
(Gm|V|im’) = A;(jm|j]5m’)
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To evaluate A;, consider the diagonal matrix element

Gm|V - Jlgm) = 3 (Gm|V]j'm’) - (j'm’|7]jm)

jlml

= Y (Gm|VIjm') - (5'm’|5]im)d;;
j/m/

=" A;Gmlglimy - (' |7]im)
j/m/

= A;(jm|j?|jm)

= A;j( + 1),
where |j'm’) is a complete set of intermediate states. Finally,
(m[VIjm') = (Gm|V - jljm){jmljlim') /i + 1), (4.14)

the Landé formula.

In the same way that the product of two angular momentum eigenstates is not automat-
ically an angular momentum eigenstate, with Clebsch-Gordan coefficients being required to
generate linear combinations of such products which are angular momentum eigenstates, so
the product of two spherical tensor operators of given ranks and projections is not auto-
matically a spherical tensor operator of well-defined rank. However, as might be expected,
a linear combination of such products, again using the same Clebsch-Gordan coefficients, is
in fact a well-defined spherical tensor operator. Such a tensor product is given by

(199 @ T = 3 (G amajm) TG TS (1.15)
mima2

and is a spherical tensor operator of rank j and projection m, as may be demonstrated in
the following way:

[, [T @ TW)D) = 37 (Gimagemaljm){ 7, TEPIT2 + TP .. TN

mima

= 3 Gmagamaljm)(my + ma) TUDTY?)

mima

— m[T(jl) ® T(jz)]%)’

using the selection rules of the Clebsch-Gordan coefficients. A similar manipulation, making

explicit use of the Clebsch-Gordan coefficient recursion relations, demonstrates that
i, [T @ TOIN] = a2 [TO0 @ TH)
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which proves the assertion made above.
It is conventional to define the scalar product of two spherical tensors of the same rank

by
T . gl = Z(_)m EJ’T)nU(J')

m

(4.16)

m

which reduces to the usual definition of the scalar product for vector (rank-1) operators. By

inspection of the Clebsch-Gordan coefficient (jmyjms|00), it is seen that

TG . U) = (_)j /2]' + 1[T(j) ® U(”]éo). (4.17)

(This definition of the scalar product is not particularly convenient for operators of half-odd-
integer rank, where it implies imaginary phase factors. In that case, it is more convenient
to define the scalar product as

T .y = Z(_)j+mT£J%U7(nj) = /25 + 1[T(j) ® U(j)](()O).)
Similarly, it may be checked that the usual vector product of two vector operators is related

to the rank-1 tensor product of two rank-1 spherical tensor operators by
T xV=—iv2TWgyv®W, (4.18)

For products of more than two spherical tensor operators, precisely the same recoupling
coefficients can be used as were introduced to deal with the coupling of more than two
angular momenta, since they are determined by the Clebsch-Gordan coefficients in exactly
the same way.

As a useful illustration of the manipulation of tensor products, consider the well-known
tensor force operator S1o = (¢ - 7)(0% - ) — 0 - 02 /3, where d; are spin operators and 7 a
unit position vector. This is related in form to the interaction between a pair of magnetic

dipoles. The first term may be rewritten as

110
361 ©7Q © [ @A) =33 L+ 125+ 1){ 110 [[61 © 5] @ [F o™
LS
SLO

where the 9-j symbol has been used to recouple the four spherical tensors of rank 1 and
where use has been made of the fact that the spin operators &; commute with the position

operator 7. This 9-j symbol is equal to d;5/3v/2L + 1, so the double summation reduces to a
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single sum over .S, which can take on the values 0, 1 and 2, from the 9-j selection rules. The
corresponding terms in the sum contain, respectively, [ ® #](©) = —%, [# @ 7] =0 (since
the vector product ' x ¥ vanishes when the components of v commute with one another)

and [f ® 7]®). So the first term in the tensor force operator becomes
G1-32/3 + V571 ® 53] @ [F @ #]*)]©
and the tensor force operator itself can be rewritten
Siz = [61 ® 75)? - [F @ 7P, (4.19)

It is thus an overall scalar operator, formed by the scalar product of a rank-2 tensor operator
in spin space and a rank-2 tensor operator in position space.

Since tensor products are themselves spherical tensor operators, they obey the Wigner-
Eckart theorem and the quantity of interest for practical applications is their reduced matrix
element between angular momentum states. Note that, from the definition of the reduced

matrix element,

G"IT9 5 )\ /25" + 1 Z 3'm/jm|5"m”y (G m" | T i'm), (4.20)

by the orthogonality of the Clebsch-Gordan coefficients.
Now suppose that 701 and TU2) operate in different spaces and consider the relevant

reduced matrix element

(153" 1T @ TN 9| 51355") = (—)% /25" + 1 Z (7'm/jm|j"m")
X (j153"m"| [T(J” ® TU29)| 51 5'm’)

= (PR Y el

mymaom/;mim/mlmm/

X (Jimajama|jm) (jymY jamy| 3" m”) (jym jyms|3'm'”)

X (— )2]1 <]1m1]1m1|91 m/ll>< 'HHT(m H]Q

x (=) %2 (ymlyjama | jymiy) (7| TU2) || fa) // (241 + 1)(258 + 1)

g1 g3 3"
= (25 + D)7+ D)2+ 1) 3 3 5
Ji 72 J

< (FUT9D |30 GEITY ) 73), (4.21)
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using the expression for the recoupling coefficient of four angular momenta in terms of a sum
of products of six Clebsch-Gordan coefficients. This is easily specialised to the interesting
cases
g1 0 -1 (5) G) || 2 ot ot - Gl 455" ji/ jg j” A sl NAVRL U4
(1 Jad" T - U 51555") = 0jejmy) 25" + 1(=)1772 LT Gl G U 72)
J2 01 J
(4.22)

and

g1 gz 3"
7"

GUIITD|57)

(4.23)

<]1/];/]//||T(])||ji]é]/> — 5j§'jé \/(2]” + 1)(2]/ + 1)(_)ji’+jé’+j’+j

where, in the last equation, TU) acts only in the j; space.

If, however, TU1) and TU2) operate in the same space, then

G'NT9 @ TUND |5y = (=)¥y/25" +1 > (i'm/jml|i"m") (jimajomoljm)
mm/mimeo LM

X (=) (LM gymalj"m") (5" | TV L) (=) 2 (j'm jama| LM)

x (L||TU2)(|5") /[ (25" + 1)(2L + 1)

I 4 ,jl ,]2] . : ; .
= (I T TN T )
L {JJ

where a sum over a complete set of states has been inserted to separate the operators 701

and T2),

V. ROTATION OPERATORS

Classically, angular momentum is clearly associated with rotations, the component of
angular momentum along a given axis being the classical variable conjugate to the angle of
rotation about the same axis. In quantum mechanics, rotation of a system is an operation
which induces a change in the description of the states of the system within its Hilbert space.
Given a possible state ¥ of the system, rotation of the system in this state through some
angle about some axis produces another possible state ¢’ of the system. Such properties as
the norms of states and their mutual orthogonality (in general, the absolute squares of their
overlaps) cannot be changed by such an operation, so it must be equivalent to a unitary

transformation in the Hilbert space.

31



Hence, to every rotation of a physical system there corresponds a unitary operator in
the Hilbert space of states of the system. Such an operator can be represented as e~ M
where 6 is real and M is a hermitian operator. Then 6 determines the angle of rotation
(with @ = 0, i.e. no rotation, producing the unit operator) and M is an operator associated
with the axis of rotation. Since a three-dimensional rotation is determined by three angles,
two to define the direction of the rotation axis and one to define the angle of rotation about
the axis, there must be three rotational parameters and three associated operators M to
describe a rotation fully. A possible representation of a general rotation is then e—i0-M , where
M,, M, and M, are operators associated with rotations about the corresponding coordinate
axes and 6 is a vector in the direction of the rotation axis and with magnitude equal to the
angle of rotation. Implicit in the notation adopted here is the recognition that an arbitrary
rotation can be built up by an infinite number of infinitesimal rotations about the same axis.
Thus the infinitesimal rotations e~"%=Ma ~ 1 — 56, M, (where d6,, is an infinitesimal angle)
are sufficient to determine the properties of the operators M, which are referred to as the
infinitesimal generators of the rotations.

Euler’s theorem states that any motion of a rigid body with one point fixed is equivalent
to a rotation about some axis through the fixed point. So the result of two successive
rotations about arbitrary axes through a given fixed origin is itself a rotation about some
axis through that same origin. This is sufficient to prove that rotations form a group (the
existence of an identity transformation and of inverses being trivially obvious) and it follows,
as will become clear below, that the infinitesimal generators form an algebra, determined
by their commutation relations. Since finite rotations do not generally commute (imagine
the result of rotating some object, say a book, through ninety degrees about each of two
mutually orthogonal axes in turn, and compare with the result of performing the same two
rotations in the opposite order), the commutators of the infinitesimal generators will be
non-zero. These commutation relations may be derived by consideration of a specific simple
example.

Let P(z,y,z) be an arbitrary point in three-dimensional space and consider the effect
on its coordinates of successive rotations of the position vector from the origin to the point
P. (The following conventions will be adopted throughout in describing rotations: (i) a

right-handed coordinate system is used; (ii) a positive rotation advances a right-handed

screw along the axis of rotation, i.e. it produces a counter-clockwise motion in the plane
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to which the axis of rotation is the positive normal; and (iii) the physical system is rotated
relative to a fixed coordinate system, i.e. the rotations are “active”. All three of these
conventions can be individually reversed, so caution is required in interpreting signs of
angles in other references.) Rotating about the z axis by an angle 6,, the point (z,y, 2)
moves to (z,ycosf, — zsinb,, z cos, + ysinf,). Rotation by a further angle §, about the
y axis moves the point to the final position with coordinates (xcos#f, + zcosé, sinf, +
ysind, sinb,,ycosb, — zsinb,, zcos b, cosd, + ysinb, cosd, — xrsinf,). Now consider the
same pair of rotations, but in the opposite order. First, under 6,, the point (z,y, ) moves to
(x cosf,+zsinb,,y, z cos 0,—x sin 6,); then, under 6,, it moves to the final position (z cos 6,+
zsin 6y, y cos 6, — z cos B, sin 0, + x sin 0, sin 0, z cos f, cos 8, — x sin B, cos O, + ysiné,,). The

difference between the final positions is

(zsin B, (cos b, — 1) + ysiné, sin b, zsin 0,(cos b, — 1) — xsin O, sin ,,

ysin0,(cosf, — 1) + xsin,(cos b, — 1)).

Now let 6, and 6, become infinitesimally small and retain only the lowest-order non-

vanishing terms in the infinitesimals. The process described above is then denoted
(1 —d6,M,)(1 —1i0,M,) — (1 —i0,M,)(1 — i0,M,)|(x,y, 2) = (yb,0,, —x6,6,,0).
But this may be rewritten, to the same order in infinitesimals,

0.0, [ M, M) (x,y,2) = (z,y,2) — (x — 0,0,y,y + 0,0,x, 2)

e—tiGyMz (

= (x7y7z)_ xayaz)

= i0,0,M.(x,y, 2).

(Note that including the second-order infinitesimals in the expansion of the rotation oper-
ators on the left hand side would not have altered this result.)

Since P is an arbitrary point and 6, and 6, are arbitrary infinitesimal angles, it follows
that [M,, M,] = iM,. Since cyclic permutation of the indices z,y, z simply corresponds to
relabeling the axes while leaving them a right-handed system, this commutation relation
will continue to hold under cyclic permutation of the indices x,y, z. Thus the infinitesimal

generators of the rotation group satisfy the algebra of angular momentum and this may be
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taken as the true fundamental definition of the angular momentum operators in quantum
mechanics — they are the infinitesimal generators of rotations.

Euler supplied a convenient definition of the three angles required to specify a general
rotation, and his parametrisation is almost universally used in quantum mechanics. An
arbitrary rotation about any axis through the origin of the coordinate system can be built up
from a rotation through the angle v about the fixed z axis, followed by a rotation through the
angle 8 about the fixed y axis, followed by a further rotation by the angle o about the fixed z
axis again. The rotation is fully specified by the magnitudes of the three Euler angles o, 3,y
and all possible rotations are encompassed in the range 0 < a < 27,0 < g < 7,0 <~y < 27.

Thus a general rotation can conveniently be represented by the operator
D(a, 3,7) = e =g~ iy =i (5.1)

and a matrix representation is obtained by taking matrix elements of this unitary operator
in a suitable basis.

Since the angular momentum eigenstates [jm) form a basis for a (25 + 1)-dimensional
irreducible representation of the angular momentum algebra, where all the matrix elements
of j are known, they also form a useful basis for the (2j + 1)-dimensional irreducible repre-

sentation of the rotation group given by

DY) (a, B.7) = (jm|D(a, B,7)|jm’), (5.2)

known as the Wigner rotation matrices. Being built from angular momentum operators, D
is necessarily diagonal in j. Then a given angular momentum eigenstate |jm) transforms

under rotation as
D(a, 8,7)|jm) = ZD a, B,7)|jm'). (5.3)

Note carefully the order of the subscripts on D( ).
The completeness of the current description of the rotation group is expressed by the

useful formula, which will not be derived here,

2T
| da ["sinpas / dyDY" (0, 5,7) DY), (0, 8.7) = 87265, Gmums Gy /(21 + 1).

(5.4)

The inverse of D(«, 3,7) is clearly D(—~, —3, —«), and by the unitarity of the transforma-
tions this is equal to D'(a, 3,7). Thus

DY (0, 8,7) = DY), (=7, =B, —a) (5.5)
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and there exist orthogonality relations
S Do, B, ) D, 8,7) = S = . D (@, 8,7)D (@, 8,7). (5.6)
Since the Wigner matrices are defined in a basis of states |jm), they are trivially rewritten
in the form
DY) (o, B,7) = e ™medY) (B)e~ ™" (5.7)
where dfﬁn, (B) = (jml|e~"Iv|jm’) is known as a reduced rotation matrix. The relations given

above for D then imply

A () = d), (=) (5.8)
and
> i () () = Sy (5.9)
Consider the application of a rotation operator to a coupled state of two angular momenta.
Since
D(e, B,7)|j1j2m) ZD a, 8,7)|j1jz2gm’)
and

D(a, B,7)|jimijams) = Z Dnjllzm , 3, V)Dgfm( B, )| imi jamsy)

mm2

it follows that

Zfo;?m(a,ﬁ,v) > (imagama|jm’)|jimy jams) =

mima

Z<Jlmuzmzljm > DU, (@, 8,7)D (o, B,7)|jim jamb).

mimz mymy

Using the orthogonality of the Clebsch-Gordan coefficients and the linear independence of

the basis functions |j;mjams), this produces the Clebsch-Gordan series,

DUL, (. B,7)DY (@, B,7) = Z<J1m1]2m2|]m><J1m1J2m2|Jm> ) (@, B,7)  (5.10)
jmm/

or the alternative form

DY By) = Y (imagamalim) (imijamy|jm/ YD) (. 3,7)DY) (@, 3,7).

mym/mam/,

(5.11)

This last result can be regarded as a recursion relation for the rotation matrices.
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Since the selection rules m;+mq = m and m}+m!, = m’ of the Clebsch-Gordan coefficients
ensure that the exponential «,y dependence of this last equation is automatically correct,

the equation may be rewritten as a recursion relation for the reduced rotation matrices,

At = X2 {dvmagamel jm) (G jom| ' d i, (D)2 (B). (5.12)

mim)|mam),

For this recursion relation to be useful, some initial d¥) must be known. The trivial case

déoo)(ﬁ) = 1 is of no help, but the case 7 = % is almost equally trivial. In this case, the

angular momentum operators are represented by the Pauli matrices, j = % , which satisfy

o> = 1for p = x,y,2, so that e~y = =3Py = cos(/2) — isin(3/2)o,, upon expanding

the exponential and resumming separately the terms independent of o, and those linear in
0

i
,- But the standard representation of o, is (where the rows and columns are

- 0

g

labelled in decreasing order of m = :i:%), SO

d(%)(ﬁ): cos(3/2) sin(3/2) ’ (5.13)

—sin((/2) cos(f/2)
ie. d,(j,)m(ﬁ) = (m—m')sin(3/2) + dpm cos(3/2), and is real. Since all d¥), for any j, can be
built up from this explicit form of 4@ by the use of the recursion relation, whose coefficients
are the (real) Clebsch-Gordan coefficients, it follows that all reduced rotation matrices dV/)
are real and orthogonal.
Certain properties of the reduced rotation matrix d' (3) , which follow directly from the
explicit formula given above, can be generalised, with the help of the recursion relation,

to all reduced rotation matrices d¥). For example, d(é) (B) = dfm v (0B) leads directly to

m/'m

d(j)

m/'m

(B) = dfm _ (), with the help of the recursion relation and the symmetry properties
of the Clebsch-Gordan coefficients. Similarly, d(%) ' (m) = m—m = (=) ™ _pm leads
to the general result dg?m(w) = (=)I""8ms —m, while d( Cor—m(B) = (=) dm)m(ﬁ) leads
directly to d_m n(B) = (=)™ dj2 (B). All of these relations can then be translated
into analogous relations for the full rotation matrix DY) (a, 3, v) by incorporating the simple

exponential dependence on « and 7.

The Clebsch-Gordan series, together with the completeness integral for the rotation ma-
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trices, allows the straightforward derivation of the formula

27
[ da [Csingas [T ay DI (08,98, (0,5,9) D5, (0, 5,7)
= 87 (jarmajsms|jima) (jambjsms|jimy) /(251 + 1)

which, using D(J (o, By) = (=)™ ™ ‘DU, (o, B,7), can be rewritten in the form

—m —m

/ da/ smﬁdﬁ/ d’me m1 57)177(712%( . B.7) mm3( . B,7)

_ 82 Ju o J2 J3 Ju o J2 J3 (5.14)

my Mo M3 my my my

This technique can clearly be generalized to deal with the integral of a product of any number
of rotation matrices. These formulas can then be specialized to give the integral of products
of spherical harmonics by first deriving a useful relation between spherical harmonics and
rotation matrices.

The spherical harmonic Y7 (0, ¢) = (0, ¢|LM), where |LM) is the usual angular mo-

mentum eigenstate. Under rotation,

D(a, 3,7)|LM) = ZDM/M , B, 7)|LM'),

so that
(0, 8D (v, B,7)|LM) = 3" D)y (av, B,7)(0, | LM).

M/
But

(0. 6[D(, 8,7)|[LM) = (D (, 3,7)(0, §)|LM) = (¢, ¢'|LM),

with D(a, 3,7) being the rotation which carries the unit vector in the direction (¢',¢’) =
Df(a, 3,7)(0, ¢) into the direction (6, ¢). Thus

Yim(6', ¢ ZDM’M , 8,7 YL (0, 9).

If the direction (6, ¢) is chosen to be along the z axis (f = 0, ¢ arbitrary), then the Eu-

ler angles needed are v = —¢', 3 = —0', aarbitrary. But the spherical harmonics satisfy

Y (0,¢0) = dpoy/ (2L + 1) /47, so that

Viu(@,¢) = /(2L + 1) /47D (—ar, =0, —¢) = /(2L + 1) /47D (¢, 6, ),
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and the apparent dependence on « is fictitious. Thus, finally,
Diio(e.8.7) = 4/ (2L + DYy (5.0) (5.15)

and hence

/ 7 4 / " $in 00 Yz, a1, (6, 6)Y1arts (0, 6)Yisar, (0, 0)

Ly Ly Ls Ly Ly Ly
= /(2L + 1)(2Ls + 1)(2Ls + 1) /47 . (5.16)
MMy, My ]\ 0 0 0

The Wigner-Eckart theorem is easily derived in the rotation group framework by noting
that an operator 7" which transforms states |¥) according to |¥) = T'|¥) will transform
operators © according to ©® = TOT ! (so that simultaneous transformation of states and
operators will leave matrix elements unaltered). A spherical tensor operator 7) can then
be defined as a set of (25 + 1) operators which transform among themselves under rotations
according to the j representation of the rotation group, namely

D(a, B,7)T9DY(a, B,7) = S. DY) (a, B,7)TY). (5.17)

m/

Once again, the fundamental requirement is that the set of operators be closed under ro-
tations, with the precise form given here corresponding to a special standard form of the
components. (That this definition of a spherical tensor operator is in fact the same as that
given previously in terms of commutation relations with the angular momentum operators
becomes evident upon considering an infinitesimal rotation. When the equation is expanded
in powers of the infinitesimal angle of rotation, the zero order term is the same on both sides
of the equation. The term of first order on the left hand side of the equation involves the
commutator of the operator 7V with the infinitesimal generator of the rotation, while the
term of first order on the right hand side contains just the appropriate matrix element of
the angular momentum to reproduce the earlier definition of a spherical tensor operator.)

Now consider

D(a, B8, )T |j'm’) = D(e, B,7)TY'D (e, 3,7)D(av, 3,7)|j'm’)
=3"DY) (a, 3,7)DY) (a, B,7)TD|j'n)

nn’

= 3 (ng'n!|IMY (jmg'm! | TMYDS, (o, B,9)TD '),

nn'JM M’
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using the Clebsch-Gordan series for the product of two rotation matrices. From the orthog-
onality of the Clebsch-Gordan coefficients it follows that

D(a,ﬁ,v)Z@meUM YT 5'm/) ZDM/M B,9) > (ing'n! | JMYTD|j'n). (5.18)

mm/ nn’

Therefore, the linear combination ¥, (jmj'm'|JM)T)|j'm') transforms under rotation
as a state of angular momentum J, projection M, and its overlap with any other eigenstate
|J'M') will be diagonal in J and M and independent of M, from which the Wigner-Eckart
theorem follows as before.

Some further useful consequences of the results proved using rotation operators are the
following. The integral of the product of three spherical harmonics is simply related to the
matrix element (L M;|Yy,an|LsMs), and from it, using the Wigner-Eckart theorem, can be

read the reduced matrix element

(Ll o) = (1L DL+ L+ x| 2 e

There follows the additional selection rule on the matrix element that the sum L + Lo + L3
must be even. Using again the relation between the spherical harmonics and the rotation

matrices, the Clebsch-Gordan series implies

YL1M1 (97 (b)YLQMQ (97 (b) = \/(2L1 + 1)(2L2 + 1)’D§\§113*<¢7 97 /7) M20 <¢ ‘97 /7)/471-
V(2L + 1)(2Ly + 1)

& LM

-y Wng +1)(2Ly + 1) /4mw(2L + 1)

X (Ly My Ly My|LM)(L10Ly0|LO) Y70 (0, @)
from which it follows that

> Ly My Lo M| LM)Y 1, 0, (6, )Y 1o, (6, 0) =

M7 Mo
L, Ly L
()2 /(2L + 1)(2Ly + 1) /dn 01 02 . Vi (0, 9). (5.20)
So, for example,
R A(Q)_47T @ _ &
[P @il = 5 110, 0) ®Yi(0,9)]s" =/ 15 Yem(0, 9). (5.21)



There remains one further refinement of these techniques which is of significance for
various applications. Many problems involve the action of operator fields, namely systems
of operators defined at every point in space, T'(7). In dealing with the properties of such
fields under rotation, it is important to realize that the rotation has two effects — if the field
is defined at each point in space in terms of a number of components, then these components
will generally transform into linear combinations of one another under rotation (essentially
the case considered up to now) while also moving to a different point in space, so that
the dependence of the field on position is also affected. This corresponds to the well-known
distinction between orbital and intrinsic angular momentum. The intrinsic spin serves as the
infinitesimal generator for rotations in spin space (affecting the component indices of the field
at a given physical point), the orbital angular momentum as the infinitesimal generator for
rotations in position space (affecting the functional dependence of the field components on
position). The total angular momentum then determines the full behaviour of the operator
field under rotation.

As an example, consider a vector field, defined at every point in space by a set of three
components. This may be regarded as a set of three related single-component fields. If each
component field is expressed in terms of eigenfunctions of the orbital angular momentum,
then standard vector coupling methods can be used to produce a vector field (perhaps
better referred to as a physical vector field to emphasize that the term refers to the number
of components required to specify the field at a given point) of any desired total rank. The
prototype example is the vector spherical harmonics Vi JM, obtained by vector coupling the
spherical harmonics Y7 to a set of three basis vectors v, which have the property that
the scalar product V Ty =Vpn gives the spherical vector components of an arbitrary vector
V. The three vectors @, (m = —1,0,+1) form the basis for a spin-1 representation of the
rotation group and Yy = S vt LM 1m| J M) Y a0y, is a physical vector field of spherical
tensor rank J, projection M.

As a further illustration, consider the vector 7, the position vector of a point in space.
It is a vector, its three components transforming under rotation according to the j = 1
representation of the rotation group. Thus the field of position vectors 7, defined at each
point in space by the radius vector from the origin to that point, is a physical vector field.
However, under rotation the field as a whole is unchanged, still being defined at each point

in space by the radius vector from the origin to that point. The physical vector field 7 is
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thus a spherical scalar field.
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