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targets for observation: resonant orbits

Stars and Singularities, 14 December 2009Steve Drasco

0 0.5 1 1.5 2 2.5 3

10 3

10 2

t  (years)

or
bi

ta
l f

re
qu

en
ci

es
  (

H
z)

f

f

fr2.92 2.94 2.96 2.98
2

3

4

5

6 x 10 3



targets for observation: resonant orbits
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What can LIGO see: mass & spin targets
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a =
0.2M

a =−0.2M

a = 0

from Mandel, Brown, Gair, Miller, 2008

What can LIGO see: advanced LIGO range

circular-equatorial orbit

µ = 1.4M⊙
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Parameter estimation errors

(1) Two waveform models:  “true” (GR) and approximate (AP).

(2) The error                           , in the estimate for 
     parameter     is approximatelyθi

∆θi = [Γ−1(θbf)]ij(∂jhAP(θbf)|n)

∆θi = θi
bf − θi

tr

where     is the waveform,     is the noise,        is a noise-weighted 
inner product, and       is the Fisher matrix

h n ( | )
Γij

Γij =
�

∂h
∂θi

����
∂h
∂θj

�
.

+[Γ−1(θbf)]ij(∂jhAP(θbf)|hGR(θtrue)− hAP(θtrue)) ,
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(1) motion: slowly precessing Keplerian orbits

(2) radiation: post-Newtonian and, quadrupole
                   approximation (slow motion)

Barack & Cutler (PRD, 2004) used “analytic kludge” 
waveforms:

                                     LISA-France, Nice,  10 November 2009Steve Drasco

Parameter estimation errors: progress to date



S/M2 0.1 0.1 0.1 0.5 0.5 0.5 1 1 1
eLSO 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5

∆(ln M) 2.6e−4 5.6e−4 5.3e−5 2.7e−4 9.2e−4 7.7e−5 2.8e−4 2.5e−4 1.5e−4
∆(S/M2) 3.6e−5 7.9e−5 4.5e−5 1.3e−4 6.3e−4 5.1e−5 2.6e−4 3.7e−4 2.6e−4
∆(ln µ) 6.8e−5 1.5e−4 7.4e−5 6.8e−5 9.2e−5 1.0e−4 6.1e−5 9.1e−5 1.0e−3
∆(e0) 6.3e−5 1.3e−4 2.9e−5 8.5e−5 2.8e−4 3.2e−5 1.2e−4 1.1e−4 1.6e−4
∆(cos λ) 6.0e−3 1.7e−2 1.3e−3 1.3e−3 5.8e−3 2.4e−4 6.5e−4 8.4e−4 4.7e−4
∆(Ωs) 1.8e−3 1.7e−3 7.9e−4 2.0e−3 1.7e−3 7.6e−4 2.1e−3 1.1e−3 6.7e−4
∆(ΩK) 5.6e−2 5.3e−2 4.7e−2 5.5e−2 5.1e−2 4.7e−2 5.6e−2 5.1e−2 4.8e−2
∆(γ̃0) 4.0e−1 6.3e−1 3.8e−1 1.0e+0 6.1e−1 3.9e−1 9.3e−1 3.4e−1 3.9e−1
∆(Φ0) 2.6e−1 6.7e−1 2.2e−1 1.4e+0 7.5e−1 2.7e−1 1.5e+0 1.7e−1 3.3e−1
∆(α0) 6.2e−1 5.8e−1 5.5e−1 6.3e−1 5.9e−1 5.6e−1 6.4e−1 5.9e−1 5.9e−1
∆[ln(µ/D)] 8.7e−2 3.8e−2 3.7e−2 3.8e−2 3.7e−2 3.7e−2 3.8e−2 7.0e−2 3.7e−2
∆(t0)ν0 4.5e−2 1.1e−1 3.3e−2 2.3e−1 1.3e−1 4.4e−2 2.5e−1 3.2e−2 5.5 − 2

TABLE III. Parameter extraction accuracy for inspiral of a 10M! CO onto a 106M! MBH at SNR=30 (based on data collected

during the last year of inspiral). Shown are results for various values of the MBH’s spin magnitude S and the final eccentricity eLSO. The

rest of the parameters are set as follows: t0 = tLSO − (1/2)yr (middle of integration), γ̃0 = 0, Φ0 = 0, θS = π/4, φS = 0, λ = π/6, α0 = 0,

θK = π/8, φK = 0.

and since typical values are (Γ−1)ln(µ/D),ln(µ/D) ∼ 10−4, (Γ−1)ln µ,ln µ ∼ 10−9, and (Γ−1)ln µ,ln(µ/D) ∼ 10−9, we find
that indeed ∆(ln D) ≈ ∆[ln(µ/D)].] Finally, as a check, it is easy to see that ∆[ln(µ/D)] must be greater than
SNR−1 = 0.033 (since the signal amplitude is linear in µ/D), which is indeed satisfied in every column of our tables.

C. Comparison with other results in the literature

Our angular resolution results can be compared to results by Cutler and Vecchio [43] on LISA’s angular resolution
for monochromatic sources. For a monochromatic source with fgw = 3 mHz and SNR=30, LISA’s angular resolution
is typically ∆Ωs ∼ 5× 10−4 (estimated by interpolating between Figs. 2 and 3 in [43], after rescaling those figures to
SNR=30), which is only a factor ∼ 2 smaller than our result for capture sources. Since capture sources have twice as
many unknown parameters as monochromatic sources (14 versus 7), it is clear that LISA’s angular resolution must
be worse for the former (at the same SNR), but the “good news” is that this degradation appears to be quite modest,
based on our limited sample.

Our results on the mass and spin determination accuracy can be compared to previous results by Ryan [2] and
Poisson [22]. Ryan’s waveforms are based on PN evolution equations (similar to ours), while Poisson’s are based on
a Taylor expansion of the waveform phase near plunge, with expansion coefficients obtained from numerical solution
of the Teukolsky equation. Both these authors consider only circular, equatorial orbits (so e0 = 0 and cosλ = 1.0,
a priori). Both simplify the calculation further by ignoring the waveform modulation caused by LISA’s motion (so
they effectively pretend LISA is fixed at the center of our solar system), and by restricting attention to the waveform
generated by just a single pair of LISA’s arms. Thus, their waveforms are determined by only 5 parameters: an overall
amplitude and phase, the two masses, and S/M2. (Clearly, these simplifications were intended to make the Fisher
matrix calculation essentially identical to the corresponding calculation for LIGO measurements of binary black hole
coalescences.)

The fact that Ryan and Poisson effectively “toss out” most of the unknown parameters obviously tends to decrease
the calculated error bars for the included parameters. On the other hand, their highly simplified waveforms obviously
carry much less information than the true waveforms, which tends to have the opposite effect. A priori, it would seem
difficult to guess whether the net effect of their approximations is to underestimate or overestimate ∆(lnM), ∆(ln µ),
and ∆(S/M2). Therefore, unfortunately, their work does not seem to provide a useful check on ours. Nevertheless,
Ryan’s and Poisson’s papers were an interesting first-cut at the parameter estimation problem, and it seems interesting
to compare our results to theirs.

For a 10M" CO and 106M" MBH, Ryan [2] obtains (at SNR=30): ∆(ln M) = 1.8 × 10−4, ∆(ln µ) = 1.9 × 10−5,
and ∆(S/M2) = 4.9 × 10−4. For the same masses and SNR, Poisson [22] states the results ∆(ln M) = 6.7 × 10−5,
∆(S/M2) = 1.7 × 10−3, and ∆(ln η) = 1.8 × 10−3, where η ≡ µ/M . Since both Ryan and Poisson consider only the
case e0 = 0 and evaluate the Fisher matrix at the point S/M2 = 0, their results are most usefully compared to those
in column 1 of our Tables (i.e., e0 = 0.1 and S/M2 = 0.1). Our estimates of mass-determination accuracy are within
roughly an order of magnitude of those quoted by Ryan and Poisson, and in fact lie between them. [Poisson does not

23
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Barack & Cutler results

Some things can be measured “really well”, 
the rest can be measured, “somewhat well”.
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Barack & Cutler results for star in galactic center
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Since then: Mock LISA Data Challenge (MLDC)

The “analytic kludge” waveforms were used in the MLDC
(Babak et al, CQG, 2008)
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Gair-Glampedakis (2006) kludge waveforms, similar to 
those of Babak et al. (2007).

What about more realistic waveforms?
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     Kerr geodesic equation, for osculating world line  

[E,Lz, Q]→ [E(t), Lz(t), Q(t)]
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(3) Get waves from quadrupole-octupole formula

h̄jk =
2
r

�
Ïjk + 2niS̈

ijk + ni
...
M

ijk
�

.

What about more realistic waveforms?
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Parameter estimation errors: black-hole geodesics
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Huerta & Gair (8 months ago, PRD): restricted to orbits 
without eccentricity & inclination
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Huerta & Gair (8 months ago, PRD): restricted to orbits 
without eccentricity & inclination

Parameter estimation errors: black-hole geodesics
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Drasco & Cutler: generic black hole orbits



Huerta & Gair (8 months ago, PRD): restricted to orbits 
without eccentricity & inclination

Parameter estimation errors: black-hole geodesics

Results: no shocking difference from Barack & Cutler, or 
from mock LISA data challenge.

Some things can be measured “really well”, 
the rest can be measured, “somewhat well”.
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Drasco & Cutler: generic black hole orbits



LISA-EMRI results:  SNR ~ 140 to 180

a/M = 0.1, 0.5 efinal = 0.01, 0.1If we average over 4 systems:                                &
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LISA-EMRI results:  SNR ~ 1500 to 2880

a/M = 0.1, 0.5 efinal = 0.01, 0.1If we average over 4 systems:                                &

Last year of inspiral, at distance of about 1 Gpc,   M = 106M⊙ , µ = 103M⊙



summary & future

No “surprises” in improved statistical errors.

Still, a better understanding of errors for these 
estimates would be useful.

It is time to extend these calculations to LIGO.

It is also time to start exploring theoretical 
limitations by looking at systematic errors.
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